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Abstract
We prove the existence of multiple nontrivial solutions for degenerate elliptic critical
growth problems of the form

—A, pu = Au|""%u+ /" 2u  inQ
u=20 on 992,

where A, denotes the Grushin p-Laplace operator,  C RY is a bounded domain inter-
secting the degeneration set of the operator, A > 0 and p < r < p, where p’, is the Grushin
critical exponent. We also investigate critical Grushin (p, g)-Laplacian type problems, that
is, Dirichlet critical growth problems governed by the operator

Li=—Dyp— Ay,

In particular, we prove that the considered problems have arbitrarily many solutions for
all sufficiently large A. The results are based on the application of the abstract multiplicity
theorems established by Perera in [27].
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A. Loiudice et al.

1 Introduction

In this paper we provide existence of multiple nontrivial solutions for a class of degenerate-

elliptic critical growth equations involving the so-called Grushin p-Laplace operator. By

analogous methods, we also investigate critical (p, ¢)-Grushin Laplacian type problems.

The results are obtained by applying the abstract multiplicity results established by Perera

in [27], which are based on the Zs-cohomological index of Fadell and Rabinowitz [10].
Our first main result concerns the following degenerate-elliptic critical problem

{ —A pu = Au|""?u+ ‘u|p:72u in Q Cc RV (wD)
1.

u=0 on 01,

where A, ;, denotes the so-called Grushin p-Laplace operator, 1 < p < IV, defined as

N
A pui=> Xi(|VoulP "> X;u), (1.2)
=1

being V, = (X1,..., Xy) the system of vector fields

X, = Ji=1,...,m, X,,l+j:\:v|“’—l7j:1,...,n, v >0, (1.3)

O,

and N, denotes the homogeneous space dimension naturally attached to the Grushin geom-
etry, i.e.

N, =m+ (1 +)n.

Here, Q) C RY is a bounded domain intersecting the degeneration set of the operator, i.e.
such that Q N {x = 0} # 0, the exponent

is the critical Sobolev exponent in this context, A is a positive real parameterand p < r < pJ.

The Grushin (or Baouendi-Grushin operator) represents an interesting example of degen-
erate-elliptic operator, and it has been receiving increasing interest in the recent literature.
Concerning the study of nonlinear Grushin equations for the case p = 2, we quote the recent
contributions in [1-3, 9, 12, 19-21, 24, 30]; for the case 1 < p < N,, we refer to [4, 11,
15, 22].

Problem (1.1) has been recently investigated by Gandal-Loiudice-Tyagi in [11]. In par-
ticular, existence results have been proved both for the case r = pand p < r < p7, extend-
ing to the Grushin setting the well-known Euclidean results established for the ordinary
p-Laplacian operator by Garcia Azorero and Peral Alonso in [13, 14]. We recall that the
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corresponding semilinear problem, that is the classical Brezis-Nirenberg problem [6] for
the Grushin operator, was previously settled and deeply investigated by Alves et al. in [3].

Concerning problem (1.1), by means of a nontrivial adaptation of the Brezis-Nirenberg
type arguments relying on a refined qualitative analysis of the p-Sobolev Grushin minimiz-
ers, in [11] it is proved that:

— if r = p, problem (1.1) has a nontrivial nonnegative solution for all A € (A, A1) for
some positive A, when N, < p? and for any A € (0, A1) when N, > p?, where A; is
the first Dirichlet eigenvalue of —A, ,, on £);

— if p <7 <p}, problem (1.1) has a nontrivial nonnegative solution for all sufficiently
large A > 0 when N, < p? and for all A > 0 when N, > p?.

We notice that bifurcation results for problem (1.1) for the case = p have been proved
by Malanchini et al. [22], while infinitely many solutions for the case 1 < r < p has been
recently obtained in [23] by means of the Krasnosel’skii genus.

In the present paper, we further investigate the existence of solutions for problem (1.1).
Precisely, by applying the abstract multiplicity results established by Perera in [27], we
show that, when p < r < p, given any k € N, problem (1.1) has k distinct pairs of non-
trivial solutions for all sufficiently large A > 0, with an explicit lower bound on A. This
lower bound is expressed in terms of an unbounded sequence {\ } of Dirichlet eigenvalues
of —A, , in £, introduced in a general functional setting by Perera [25], whose construction
is based on the Zs-cohomological index by Fadell and Rabinowitz [10] (see Theorem 2.2
below). We emphasize that these multiplicity results strongly rely on the piercing property
of the cohomological index, which is not shared by the genus.

Let us introduce our results. We define the space lep(Q) as the completion of C§°(Q)

||| == (/ |Vvupdz> .
Q

We look for weak solutions of problem (1.1), i.e. functions u € WWLT’ (€2) such that

with respect to the norm

[Vl 20 Vs = [l Pupds + [ P Rueds, o € WiT(Q)
Q Q Q

We emphasize that the Grushin problem (1.1) with exponent pZ, = A’;jv_”p
“critical" in the usual sense of the Sobolev embeddings on bounded domains €2 intersecting

the degeneration set I' = {« = 0}, since for these domains the Sobolev embedding

turns out to be

W1e(Q) — LI(Q)

is compact for g < p7 (see [16]), but fails to be compact for ¢ = p7, due to the invariance
with respect to the following rescalings

Ny
ut(z) =t E pu(tx,t“”y), t>0, (1.4)
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and translations in the y-variable.
We recall that a global p-Sobolev inequality for the Grushin gradient holds (see [16]; see
also [18, Prop. 17]): there exists a positive constant C = C(N.,, p) > 0 such that

p/P
</ |u|P2dz) < c/ VouPdz, Ve CRY). (1.5)
RN RN

If © is any open subset of RY, we define

| Jy IV ufrde
Syp(E) = 11nf . j oo
weW, "7 (2)\{0} (fﬂ \u|p~dz) K

that is, the best constant in the Grushin Sobolev embedding on . When Q = R, we will
simply denote by S, , = S, ,(R") the best constant in (1.5). We recall that, as proved in
[11, Prop. 3.5], if @ C RY is a bounded domain intersecting the degeneration set of the
operator, i.e. Q N {z = 0} # 0, then

Syp(82) = S%p(RN) = Syp-
Our main result for problem (1.1) can be stated as follows.

Theorem 1.1 If 1 < p < N, and p < r < p, for any given k € N\{0}, problem (1.1) has
k distinct pairs of nontrivial solutions £u?, . .., xu for all

& SN‘//p P
A > r|Qfr/rt — =X : 1.6
’f" | f_l;% pTTTP N,YT"’ pf‘; ‘Q|p/(N’Y —p) ( )

where |{2| denotes the Lebesgue measure of (2 and the \; s are the eigenvalues defined in
(2.19). In particular, the number of solutions of problem (1.1) goes to infinity as A — <.

Concerning the above result, we observe that the quantity

N. *
Ak S’Y;;/p Tp’y ! 0
T_p*N T 0/ (Y _p)%foq as 7 — 0,00
pT AT QP

hence the supremum in (1.6) is finite, and it goes to infinity as k — oo since A\, — o0.

As a further application of the abstract multiplicity theorems in Perera [27], we also
investigate the multiplicity of solutions for a critical Grushin (p, g)-Laplacian type problem,
whose study is a novelty in the Grushin scenario. Precisely, we consider the problem

—A,pu— A qu = Aul"?u+ |u\p:72 u inQ
{ u=20 on 05, (1.7

where 1 < ¢ <p < N,,p <r <pJ, A>0isareal parameter and, as before, {2 C RY isa
bounded open set such that 2 N {z = 0} # 0.
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We recall that, in the ordinary (p, ¢)-Laplacian case, that is the case v = 0 in (1.7), exis-
tence results have been proved in Candito et al. [8], Yin-Yang [29]. To state our result, let,
as before, {\; } denote the sequence of Dirichlet eigenvalues of the p-Grushin Laplacian in
2, whose definition is recalled in (2.19). Here we prove the following result.

Theorem 1.2 For any given k € N\ {0}, problem (1.7) has k distinct pairs of nontrivial
solutions :I:u?‘7 e, :tu,i‘ for all

B Ak |Q‘1—q/p / S]\fv'v/p Tp:—r
A > rlQ r/p—1 q/p _ 2P _ 7 1.8
’I"‘ | f_li% pTTTP qrT 4 k N,YT"’ p,’;|Q|p/(NW7p) ( )

in each of the following cases:
i) p<r<p;,
(i) r=p < g

In particular, the number of solutions of problem (1.7) goes to infinity as A — oo.
As before, we note that the supremum in (1.8) is finite and goes to infinity as & — oo.
Moreover, extending to the Grushin context new results by Candito-Livrea-Perera [7]
for the ordinary (p, ¢)-Laplace problem, we can deduce a multiplicity result for a variant of
problem (1.7), depending on an additional parameter i > 0, in the case of a p-linear pertur-
bation. The problem is the following

A, pu— pA,, u:)\|u|p_2u+|u|pf’72u in Q
{ U ZWOP e on 01, (1.9)

where (2 is a bounded domain, QN {z =0} #0,1 < ¢ <p < Nyand A, u > 0.

In this case, we can prove that, for all A > A, the above equation has £ distinct pairs of
nontrivial solutions if either x4 or the measure of €2 is sufficiently small. Precisely, we have
the following result:

Theorem 1.3 If A > A, problem (1.9) has k distinct pairs of nontrivial solutions
+ulf, ..., Fu} forall n > 0 such that

NW/P

1—q/p*
o Ay < | Pt o (1.10)
k Nyp— (N, —p)q

Moreover, each uf — 0 as j ™\ 0.

In particular, for the case 1 = 1 we get the following corollary.

Corollary 1.4 If A > A\, and

N, /p 1—q/p}
|Q‘1_%)\Z/p < PGSy p 7 (1.11)
Nyp = (Ny —p)g

problem (1.9) with p = 1 has k distinct pairs of nontrivial solutions.
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We conclude with the plan of the paper. In Sect. 2 we introduce some preliminary results:
first, we show that the functionals involved in the proofs satisfy a suitable local Palais-
Smale condition; next, we recall the construction of the sequence )y of eigenvalues of
—A, , on Q based on the cohomological index, which appear in our statements. In Sect. 3
we state the general multiplicity results that can be deduced for the Grushin equations from
the abstract results in Perera [27]. Finally, in Sects. 4 and 5 we prove Theorems 1.1, 1.2, and
Theorem 1.3, respectively.

2 Preliminaries
2.1 The Palais-Smale condition

The key compactness ingredient required in our proofs is the validity of the Palais-Smale
condition under certain threshold for the involved variational functionals. We recall that,
given a Banach space W, a functional E € C''(W,R), satisfies the Palais-Smale condition
at the level ¢ € R, or the (PS).-condition for short, if every sequence {u;} C W satisfy-
ing E(u;) = cand E'(u;) — 0, called a (PS).-sequence for E, has a strongly convergent
subsequence.

Adapting the proofs for the ordinary p-Laplacian and (p, g)-Laplacian case, we can prove
the following local Palais-Smale condition for the functionals corresponding to the consid-
ered problems, for the full range of the involved parameters.

Proposition 2.1 Let p > 0, A > 0, 1 < q < p <1 < p. Then, the energy functional

A 1 . .
E(u) = i/ |VA,u\pdz+H/ |V77L\qdsz/ |u|”"dzf—*/ |u|Prdz, we Wvl’p(.()),
pPJa qJ0 TJa Py Jao
satisfy the (PS) .-condition for all

SN’Y/T).

<
C -
N Y,P

Proof We first notice that for 4 = 0 and r = p, the above (PS)-condition for £ has been
proved in Malanchini et al. [22] as a consequence of concentration-compactness arguments.
Moreover, for p = 0 and p < r < pZ, in Gandal et al. [11], it is proved that that every (PS)-
sequence for £ under the indicated threshold has a weakly convergent subsequence to a
non-zero critical point. Here we complete the proof, also considering the (p, ¢)-case.

Let {u;} be a (PS)-sequence for E at level ¢, where ¢ < NLWSAIYV ;/ P By definition, it holds

1 A . 1 o*
E(uj) :];/Q|Vn,uj|pdz+%/Q\unj\qdzf;/Q\uﬂ’dzfE/Q\uj\pvdzchro(l) Q2.1

vy

and
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E'(uj)v :/ |V u; P2V u - Vayvdz + ,u/ \Vu; |72V, - Vayvdz
Q Q

2.2)

- )\/Q luj|" " 2ujvdz — /Q lu; [P 2ujvdz = o(|Jv]|), Vo e Wi’p(Q).

We first show that {u;} is bounded. Taking v = u; in (2.2), we get
[Vl st [ 9yuirde=a [ jurde = [ Jupid=oflul). @3
Q Q Q Q
If p < r < pZ, subtracting (2.3) divided by r from (2.1) gives

1 1 / 1 1 1 1 *
- — - Y u'|pdz+,u(fff)/\v u~\qdz+<ff—>/|u~|pwdz:c+o(1)
<P 7“) o 7 a rv)Jo T r py) Ja !

and this implies ||u;|| is bounded.
Analogously, if » = p, subtracting (2.3) divided by p from (2.1) gives

1 1 / 1 1 / «
- — - Vou;|fdz+ | — — — w; [Py dz = ¢+ o(1).
w(3-3) [Ivmas pi;) [ 1w 1)

The latter together with (2.1) implies ||u;|| is bounded.
So, there exists u € Wﬂ} "P(€2) such that, up to a subsequence,

u; — u in WiP(Q), (2.4)
u; — win L*(Q), 1 <s<pl, (2.5)
u; — v a.e. in€d (2.6)

Let us show that u; — w in W%p(Q) Define u; := u; — u.

We will show that, if ||i;|] > eo for some €y > 0, then ¢ > NLS},\{;/p, contrary to the
Y

assumption.

We start by noting that, from u; — w in L"(€2), the relations (2.1) and (2.3) can be writ-
ten as

1 A 1 X
s 19l 8 [ (9t = 2 [ s [ i =cson) @)
PJa qJa rJa Py Ja

and

/\unj|pdz+u/|V7uj\qdzf)\/|uvdzf/ u; [Py dz = o(1). (2.8)
) Q Q Q

Moreover, taking v = u in (2.2) and passing to the limit, we get

@ Springer



A. Loiudice et al.

/ |VyulP dz + u/ |Vyul?dz — )\/ lul" dz — / |ulP> dz = 0. (2.9)
Q Q Q Q

The Brezis-Lieb Lemma (see [5, Theorem 1]) gives

[ Vaulras = [ (9o ds= [ 19,0 dz + o),
Q Q Q

/\kujwdzf/ |Vﬂ,u\’1dz:/ V.3, ] dz + o(1), 2.10)
Q Q Q

/|uj\pi dz—/ uf?s dz:/ 7,175 dz + o(1).
Q Q Q

So, subtracting (2.9) from (2.8) gives
/ V., P d= + u/ V[0 dz = / [, 175 dz + o(1). @.11)
Q Q Q
Together with the Grushin Sobolev inequality, (2.11) gives
/P
/ |Vyu P dz < (SW;/ |V,yﬂjpdz> +o(1).
Q “Ja
Since ||| is bounded away from zero, dividing this inequality by ||u;||” gives
5. |pP N'Y/P
/ IV u;Pdz > Sy 37" + o(1). (2.12)
Q

On the other hand, subtracting (2.8) divided by pZ, from (2.7) gives

1 / 1 1 > / (1 1 > /
— V., u;lPdz + - = — Voui|ldz =X | = — — u|l"dz =c+o(1
5 vtz (G- [ 9ol o) [ )
and subtracting (2.9) divided by N, from the above equation and using (2.10) gives

1 / ~ 1 1 ~ 1 1
— V. u;|Pdz + ()/Vu-qdz+ ()/qudz
Nryﬂ|’Y]| qui} Q|79| qu Q|v‘
11 1 .
+A ( — ) / lu|" dz + —/ |ulP» dz = ¢+ o(1).
p ) Ja Ny Jo

Since ¢ < p <r < pZ, this together with (2.12) gives ¢ > NLSAJ,\_];/’?, that is, a contradic-
R?
tion. O
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2.2 The eigenvalue problem

In this section we recall the construction of the eigenvalues based on the cohomological
index, appearing in our statements, as a special case of the abstract construction in Perera
[26] (eigenvalues based on the cohomological index for the p-Laplacian were first intro-
duced in Perera [25]). We point out that such a sequence of eigenvalues for the p-Grushin
operator has been also considered in Malanchini et al. [22] in order to obtain bifurcation
results.

The Dirichlet spectrum of —A., ;, in € consists of those A € R for which the problem

{ —A, pu=ANulP2u in Q,
(2.13)

u=20 on 012,

has a nontrivial solution. For the properties of the above spectrum in the case p = 2 we refer

e.g. to [17] and the reference therein. Concerning the case p # 2 we note that a complete

description of the spectrum is still not known, even for the ordinary p-Laplacian case, that

is, the case v = 0 in (2.13). However, as in the ordinary p-Laplacian case, it is possible to

construct an increasing and unbounded sequence of variational eigenvalues via a suitable
minimax scheme, as we here outline.

Denoted by W = Wi’p(Q), with dual W* and dual pairing (-, -), the above eigenvalue
problem can be written as the operator equation

Apu = ABpu in W*, (2.14)

where A, B, € C(W, W*) are the potential operators given by

(Apu,v) == / |V ulP~ 2V u - Vyvdz, (2.15)
Q

(Bpu,v) ::/ [ulP~?uv dz. (2.16)
Q

(We call f € C(W, W*) a potential operator if there exists a potential for f, that is, a func-
tional F € C*(W, R), such that F’ = f). The functionals

L(u )*fHqu and J,(u) = /|u\sz 2.17)

are potentials of A, and B, respectively, satisfying I,,(0) = J,(0) = 0. Observe that the
operator A, defined in (2.15) is (p — 1)-homogeneous and odd, i.e.

Ap(tu) = [tP2tA,u Yue W, teR

and
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(Ap(u),v) < flullP~Holl,  (Ap(u),u) = [[ul” Yu,v e W.

Moreover, B, is a compact operator, since WA% P(Q2) is compactly embedded in LP () (see
[16] for Grushin embedding results).
In view of the above structural properties, the eigenvalue problem (2.14) falls in the

abstract class considered by Perera in [26]. In particular, from [26, Prop. 3.1], it follows that
eigenvalues of problem (2.14) coincide with critical values of the C'-functional

1
U(y) = ——— = =1}
(u) fg e’ ueS:={ueW]||ul } (2.18)

Now, we briefly recall the definition of the cohomological index. Let /' be a Banach space
and let A be the class of symmetric subsets of W \ {0}. For A € A, let A = A/7Z5 be the
quotient space of 4 which identifies # and —u, and let f : A — RP> be the classifying map
of A, and let f* : H*(RP>) — H*(A) be the induced homomorphism of the Alexander-
Spanier cohomology rings. The cohomological index of A4 is defined as

i(A) = { sup{m > 1| f*(u" ) #0} 42 g:

where w € H'(RP*) is the generator of the polynomial ring H*(RP*>) = Zy[w]. For
example, the classifying map of the unit sphere ™! in R™, m > 1 is the inclusion
RP™~! C RP*, which induces isomorphisms on H? for ¢ < m — 1,50 i(S™~!) = m.

By means of the above index, a suitable sequence of eigenvalues can be constructed as
follows (See [28, Theorem 4.6]).

Theorem 2.2 Let F denote the class of symmetric subsets of S. For k > 1, let
Fr={M e F|i(M) >k}
and define

= 1 >
Ak A}g;kilﬂ%ﬁ/(u), k>1, (2.19)

where W has been defined in (2.18). Then
Ay = inf ¥(u) >0
u€S

is the first eigenvalue and A; < Az < ... is an unbounded sequence of eigenvalues of
problem (2.14).

3 General multiplicity results

In this section we present some general multiplicity results that can be obtained by the
abstract results in Perera [27] for equations involving the p-Grushin operator.
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LetW = Wip(ﬂ) Our first general result concerns equations of the form

Apu+ f(u) = Ag(u) + h(u) in W¥, (3.1

where A, is defined as in (2.15), f, g, h € C(W, W*) are odd potential operators and A > 0
is a real parameter. Let I, and J), be the functionals defined in (2.17). We assume that the
potentials F, G and H, respectively of f; g and A such that F'(0) = G(0) = H(0) = 0, satisfy
the following hypotheses:

(H1) for some constants & > 0 and 1 < ¢ < p,

0< F(u) < —(pl(w)? VueW,

SR

(H2) for some constants 8 > 0 and r > p

cw) > La,wyr wew

(H3) G(u) = o(||u]|P) as u — 0,
(Hy) for some constants 6 > 0 and pZ, >,

H(u) > 9

z (pTp(u)P>P Yu e W,

%

(Hs) H(u) = o(||u||?) as u — 0,
(Hg) there exists ¢* > 0 such that the functional

E(u) = I,(u) + F(u) — AG(u) — H(u), uweWw,

associated with (3.1) satisfies the (P.S). condition for all ¢ € (0, ¢*).
In what follows, let {\x} be the sequence of eigenvalues defined by (2.19). A direct
application of [27, Theorem 2.4] gives the following result.

Theorem 3.1 Assume that (H;) — (Hg) hold. Then equation (3.1) has k distinct pairs of
nontrivial solutions :I:u?‘7 S, :tu,i‘ for all

T a g C SrPy T
A > —sup pre H— AT = — "
B r>o0 | pT qr T j 2

Our second multiplicity result concerns Grushin equations with p-linear perturbation,
that is, equations of the form

Ap(u) + f(u) = ABpu+ h(u) in W¥, (3.2)
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where B, is defined as in (2.16), f,h € C(W, W*) are odd potential operators and A > 0
is a real parameter. We assume that the potentials " and H, respectively of f and & with
F(0) = H(0) = 0, satisty the following hypotheses:

(H7) for some constants ag,a > 0and 1 < g < p,

, 0 (pJ (w)"? < F(u) < (pI (W)?? YueW,

(H}) for some constants § > 0,

H(u) > i( Jp(u)P/P Yu e W,

*

»

(Hz) H(u) = o(|[u[") as u — 0,
(H}) there exists ¢* > 0 such that the functional

E(u) = I(u)+ F(u) = AJp(u) — H(u), veW

associated with (3.2) satisfies the (P.S). condition for all ¢ € (0, ¢*).
From [27, Theorem 2.5] the following result holds for equation (3.2).

Theorem 3.2 Assume that (H}) — (H}) hold. Then equation (3.2) has k distinct pairs of
nontrivial solutions :I:u?‘7 S, :tu,i‘ for all

¢t oTPhTP

A > Mg + p sup a/p _
7>0 qu—q k TP pj;

In the next section, we will apply the above theorems to obtain multiplicity of solutions
for equation (1.1) and (1.7).
4 Proof of Theorems 1.1 and 1.2

In this section, we prove Theorems 1.1 and 1.2. To this aim, we apply Theorems 3.1 and 3.2
with f, g, h € C(WI?(Q), (WE?(Q))*) given by

(f(u),v):/ |V uli 2V u - Vv dz, 4.1
Q
u),v):/ lu|" % uv dz, 4.2)
Q
(h(u),v):/ ulP> 2w dz, (4.3)
Q

for u,v € W;vl’ (). The corresponding potentials are
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F(u):l/ IV ul? dz, G(u):l/ lul" dz, H(u):i*/ lufPs d,
qJa rJa Py Ja

respectively. Observe that, from Holder’s inequality

P < ‘Q|lfq/p by a/p
() s = J [Voul"dz

1 r/p
P p
60> s o )

. N 1 vy p5/p
W) 2 apre \ J 9]

while the Sobolev inequality (1.5) ensures

G(u) = o[[ull?) asu—0,

being r < p7, and

H(u) =o(||u||”) asu—0.

4.4

(4.5)

(4.6)

4.7

Moreover, by Proposition 2.1, the functionals corresponding to problem (1.1) and (1.7), i.e.

1 A 1 . .
E(u) = f/ IVyulPdz — f/ lu|"dz — —*/ uPrdz, e WHP(Q)
P Ja rJo Py Ja

and

1 1 1 . .
Ew)=~- [ |VyulPdz+ - | |V ulfdz — A lu|"dz — — [ |ufPrdz, ue W5P(Q),
pla aJo 7 rJa P5 Jo 7
y

satisfy the (P.S).-condition for all

« 1 Ny
c<c :ES’\/,;T)

when p <7 < pl. In view of the above observations, we can conclude as follows.

Proof of Theorem 1.1 We apply Theorem 3.1 with f =0 and o = 0. By (4.6) and (4.7),

conditions (H3) and (H,) are verified with

1
and 6 =

_ 1
A= |Q|r/p—1 |Qp/(N+=p)”
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respectively. The conclusion then follows. O

Proof of Theorem 1.2 (i) Let p < r < p. We apply Theorem 3.1 with f given by (4.1). By
(4.5)~(4.7), conditions (H), (Hz) and (H4) hold with

L1
|Qr/p=17 " |Qp/ (Ny =)

o= |Q|1—q/p7 8=

respectively. The conclusion then follows from Theorem 3.1.

(ii) Let = p < ¢. We apply Theorem 3.2. Since p < ¢, the lower bound in (H7) holds
for some g > 0 by the Grushin Sobolev embedding. By (4.5) and (4.7), the upper bound
in (H1) and (H%) hold with

1
—|Q1—a/p —
=0 , 0= Qp/—p)
respectively. The conclusion then follows from Theorem 3.2. O

5 Proof of Theorem 1.3

This last section is devoted to the proof of Theorem 1.3. The proof follows the Euclidean
outline in Candito-Livrea-Perera [7] and it is based on the abstract multiplicity theorem in
Perera [27] which we preliminarily recall.

Let Wbe a Banach space and let E € C'' (W, R) be an even functional,i.e. E(—u) = E(u)
for all u € E. Assume that there exists ¢* > 0 such that £ satisfies the (PS).-condition for
all ¢ € (0, ¢*). The following result holds.

Theorem 5.1 (Perera [27, Theorem 2.1]) Let C be a compact symmetric subset of
S={ue W||ul| = 1} withi(C) = k > 1. Assume that the origin is a strict local mini-
mizer of E with E(0) = 0 and there exists R > 0 such that

sup E(u) <0, sup E(u) < c*, (5.1)
u€A u€X
where
A={Ru|lueC} and X ={tu|ue C,0<t< R}. (5.2)
Then, E has k distinct pairs of nontrivial critical points tuy, ..., tuy, satisfying

0 < E(u;) < sup E(u).
ue X

Now, let W = Wvlp(Q) and consider the functional corresponding to problem (1.9), i.e.

1 A | . o
B(u) = f/ |V7u|pdz+ﬁ/ \Vvu\qdz—f/ Wdz—j/ ulPdz, e Wi (Q).
P Ja qJq P Ja Py Ja
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The proof of Theorem 1.3 will follow by applying Theorem 5.1 to the above functional for
a suitable choice of the subset C.

Proof of Theorem 1.3 In view of Proposition 2.1, we can assume c* ]\} Sév p/ P as
(PS)-threshold for E. Next, we observe that the origin is a strict local minimizer for E.
Indeed, if p < ¢} = 7q/( q), this follows from the Sobolev-type embeddings
I/V1 Q) — L”(Q) and VV1 T’(Q) — LP~(Q). If p > ¢, by interpolation and the Grushin
Sobolev inequality we get

1/p RN NGRS
(/ |u|? dz) < (/ |t dz) (/ || P dz)
Q Q Q
0/q § (1-0)/p;
<C </ |unqdz) (/ |u| Py dz) ,
Q Q

where 6 = pg/N~(p — q) € (0,1). Then, by Young’s inequality we obtain

p/q p/p;
/ |ulP dz < Ce (/ |V ul? dz) +e </ |u|P5 dz) .
Q Q Q

Therefore

E(u) > - (1-) (/ V7u|pdz)pW/p
e e ()

The conclusion then follows from the arbitrariness of € > 0 and the condition ¢ < p < p.
Now, by increasing k if necessary, it may be assumed A\; < Ax41. Consider the sublevel
set

TN = {u e S| U(u) < A},

where S and U are defined as in (2.18). By Perera [26, Theorem 1.3], U** has a compact
symmetric subset C of index k. We now verify that the conditions in (5.1) hold for this
choice of C.

Observe that, foru € C,

1 1
/ |V ulPdz =1, / |ulPdz > " > % (5.3)
Q Q k

So, foru € C'and t > 0, by (5.3) and using Holder’s inequality we get
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tP putd P> .
E(tu) = — |VyulPdz — A | |[ulPdz | + — | |V ulldz — — | |ulPrdz
v ¥ -
p Q Q q Ja Py Ja

_ o 7} (54)
= - N . < /p’
a el Vil
and taking the supremum over all t > 0 we have
1 1 .
sup B(rn) < (5= o ) 1017 030 53
u€C,t>0 q Py

Now, let R > 0 and define 4 and X as in (5.2). By (5.4) we have that

Q|t—9/PRa RPA
sup F(u) < e — i 75 <
u€A q pmmp:/pfl)\? p

for R sufficiently large. Moreover, from (5.5) it follows

1 1 Lo 1
sup E(u) < < — *> ‘Q|(>‘Z/pﬂ)p”/(p”_q) < VS’{/\?;/IJ
ueX q p’y :

by assumption (1.10).
Hence, by Theorem 5.1, it follows that there exist & distinct pairs of nontrivial critical

points j:u?, j=1,...,k,of the functional E, such that

1 1 « ion
0< B(uf) < <q - p*> |Q|()\Z/PM)P7/(PW—Q).
vy

Finally, in order to prove that u;‘ — 0as p 0, first observe that, by the above estimate,

E(uf) =0 as u\0.

Moreover
E' (uf )uff =/Q|V,yu?|pdz—|—,u/9 |V.,u§-‘\qdz—/\/Q \ué-‘|pdz—/ﬂ|u;‘\p:dz =0. (5.6)

Hence

1 1 1 1 .
E(uf) — ~E'(uf)uff = (q — p> /Q |V uff |1dz + A /Q [uf[Prdz — 0,
¥

from which y [, [V,uf[?dz — 0 and [, \u?‘\pi dz — 0. Then, by Hoélder’s inequality,
Jo W5 [Pdz — 0, and so, from (5.6), [|u|| — 0. O
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