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Abstract
This paper presents an original analysis of a time-dependent Schrödinger equation with
fractional time derivative. After the discretization of the spatial operator the equation is reformulated in terms of a special system of fractional differential equations; it occurs that the
eigenvalues of the coefficient matrix lay on the boundary of the stability region of fractional
differential equations. The main difficulties in solving this system are hence related to the simultaneous presence of persisting oscillations (possibly with high frequency as it is typical with
Schrödinger equations) and a persisting memory (as a consequence of the fractional order); moreover, an accurate spatial discretization gives rise to systems of large to very large size, involving
a noteworthy computational complexity. By means of a theoretical analysis the exact solution
is split into two or three terms (depending on the order of the fractional derivative), thus to
face the numerical computation by different and suitably selected methods: direct evaluation of
matrix functions for the terms characterized by smooth behaviour but with persistent memory
and a step-by-step strategy, in conjunction with matrix function, for the oscillating term. In
both cases, Krylov subspace methods are employed for the computation of matrix functions and
convergence results are presented.
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Introduction

The time-dependent Schrödinger equation describes the evolution of the wave function of
a single non-relativistic particle and can be viewed as the analogue, in quantum physics,
of the classic Newton’s second law. Recently this fundamental equation has been reformulated in a more general setting by replacing the standard integer-order derivative by a
derivative of non-integer order.
A first generalization of the Schrödinger equation to fractional-space derivatives was
proposed by Laskin in 2000 [1] to provide a fractional approach for the quantum chromodynamics problem of quarkonium. Successively, in 2004 Mark G. Naber [2] reformulated
the time-dependent Schrödinger equation by replacing the integer-order time-derivative
with the fractional derivative introduced by Caputo (see [3]).
These generalizations are common to many fundamental equations of physics since
fractional order derivatives turn out to be more suitable for describing anomalous behaviours frequently observed in complex systems. In particular, due to their non-local
character, fractional integrals and fractional derivatives constitute valuable tools for introducing, in mathematical models, hereditary and non-Markovian effects which are typical
of heterogeneous systems.
We recognize that fractional Schrödinger equations still not have a completely clear
physical meaning or, worse, in some generalizations questionable models are derived,
as shown in [4] for some space–fractional versions. For the time–fractional Schrödinger
equations (TFSEs) the non–Markovian evolution can be the key for a theoretical reading,
while, from a computational point of view, their solution is a highly challenging and
stimulating problem. For this reason we think that the analysis and the development
of numerical methods for TFSEs are surely of interest, also due to the difficulties of
finding analytical solutions. Moreover, developing strategies to get suitable numerical
approximations of TFSEs can give a hint to tackle other likewise challenging problems.
Actually, Naber derived two TFSEs roughly differing by the complex coefficient of the
fractional derivative. Most of the works so far presented in the literature deal with the
first of these two equations, the one with the coefficient proportional to the imaginary
unit i, and nowadays several methods for the numerical solution of this problem have been
analysed (e.g., see [5, 6, 7, 8, 9, 10, 11]).
The second equation proposed by Naber was obtained after performing a Wick rotation and, if α represents the time–derivative order, a coefficient iα , instead of i, results in
the equation; this formulation is considered robust since the temporal behaviour of the
solution preserves the sustained oscillations which are instead lost in the first formulation.
However, its numerical treatment is considerably more difficult because of the simultaneous presence of persistent oscillations and memory preservation. In this paper we examine
this issue fully.
As in our previous paper [12], we are interested in exploiting effective well–established
methods for the computation of matrix functions combined with competitive integrators
for differential equations. Methods of this kind are usually known under the name of
exponential integrators for the key role played by the exponential function; they have
been extensively studied for integer ordinary differential equations (ODEs) (e.g., [13, 14,
15, 16, 17, 18, 19, 20]), also for the Schrödinger equations [21, 22, 23]. In particular,
when the matrix arises from the discretization of spatial operators, and hence presents
sparsity and large size, methods based on the Krylov subspaces appear suitable to keep
the computation at an affordable level.
Recently the application of exponential integrators has been successfully extended and
investigated also for fractional order problems [24, 25]; a major feature is that here the
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exponential function is replaced by the more involved Mittag–Leffler (ML) function.
As already discussed in [12], approximating the ML function with matrix arguments
arising in the numerical treatment of TFSEs can be extremely difficult. A thorough theoretical analysis of the ML function in this context can however reveal useful information
to be used for devising ad-hoc computational strategies. It is indeed possible to distinguish two main terms: the first term is non-local but not oscillatory and hence it appears
suitable to be handled by approximating matrix functions with Krylov subspace methods. The second term is instead highly oscillatory but of local nature; indeed it can be
re-conducted to a problem of integer order and it can therefore be treated in a step-bystep way again by technique of exponential type (possibly grounded on Krylov subspace
methods) or by a finite difference method suitably chosen in order to preserve the perfect
oscillating behaviour.
We must also mention an additional specific feature of TFSEs consisting in the dependence on the fractional order α of the dynamics and the oscillating frequency of the
solution; it is obvious that this is a source of new and non trivial computational difficulties
since it is sometimes necessary to modify the numerical approach according to the value
of the fractional order α.
It is therefore necessary to study this problem in a comprehensive way and try to
extract as much information as possible on the exact solution in order to devise the most
suitable approaches with respect to the order α; in this sense, and just for completeness
of presentation, this work includes also some of the results presented in [12] for the case
0 < α < 1.
The structure of this paper is the following. In the next section we recall some basics
about fractional derivatives, we introduce the TFSE and we provide a representation of
its exact solution. In Section 3 we briefly review Krylov subspace methods and their
use for the approximation of matrix functions. Section 4 is devoted to study the ML
function and, in particular, to identify the different terms constituting this function when
applied to the arguments involved in the discretization of the TFSE; besides, we discuss
the more qualified numerical approaches to approximate each term. The qualitative results described in this section are studied under a more technical point of view in Section
5; there we investigate the convergence properties of Krylov subspace methods and their
dependency on the parameters of the ML function and on the characteristics of the argument A (to facilitate the reading, all the proofs of the technical results on convergence are
collected in Appendix at the end of the paper). Although numerical simulations go with
theoretical results throughout the whole paper, some final experiments are presented in
Section 6.

2

Fractional derivatives and time-fractional Schrödinger
equation

To introduce the problem under investigation we preliminarily recall some basic concepts
in fractional calculus. In particular we start from the definition of the Riemann-Liouville
(RL) integral of real order α > 0 which for a function f ∈ L1 ([0, T ]) is given by
Z t
1
α
(t − u)α−1 f (u) du, t ∈ [0, T ],
0 Jt f (t) =
Γ(α) 0
where Γ(z) is the Euler gamma function. Fractional derivative operators for inverting the
RL integral can be introduced according to different approaches. In this paper we are
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interested in the Caputo’s fractional derivative
α
0 Dt f (t)

≡

m−α (m)
f (t)
0 Jt

1
=
Γ(m − α)

Z

t
0

(t − u)m−α−1 f (m) (u) du,

where m is the smallest integer such that m > α and f (m) denotes the standard integerorder derivative (for obvious reasons f is assumed to be an m-times absolutely continuous
function). We refer to [3, 26, 27, 28] for background material on fractional calculus.
For a non-relativistic particle, with mass m̂ and potential energy V (x), Naber [2]
proposed the following TFSE
iα ℏTp1−α 0 Dtα ψ = −

ℏ2 2
∇ ψ + V (x)ψ,
2m̂ x

(1)

where ψ = ψ(t, x) is the position-space wavefunction of the
√particle in a multidimensional
domain Ω ⊆ Rd , ∇2x the spatial Laplacian operator, i = −1 the imaginary unit, ℏ the
reduced Planck’s constant and Tp the Planck time. The above equation is closed by a
proper choice of initial and boundary conditions whose number and form depend also on
the fractional order α. Here we assume 0 < α < 2, as it usually is in the most common
applications. As a matter of fact, the case α close to 1 deserves usually more attention.
For practical computation, a spatial discretization scheme is employed to replace the
infinite dimensional operator ∇2x with a finite dimensional linear operator (namely a matrix), thus to recast the original TFSE (1) into a system of fractional differential equations
(FDEs)
α
α
(2)
0 Dt y(t) = (−i) Ay(t) + b
coupled with standard initial conditions of Cauchy type

y(0) = y0
0<α≤1
,
y(0) = y0 , y ′ (0) = y0′
1<α<2
and where the vector b collects contributions from boundary conditions. The matrix
A is symmetric and positive definite, usually with a sparse pattern. Depending on the
dimension of the domain Ω and on the refinement of the spatial discretization, the size
N of the system (2) can be exceedingly large (it is quite common to deal with thousands
up to millions equations). The development of efficient methods is therefore of primary
importance to numerically solve (2).
Independently from the original TFSE from which it is derived, system (2) is also of
interest as a model problem possessing the spectrum on the boundary of the region of
stability for FDEs, namely {z ∈ C : | arg(z)| ≥ απ/2}.
As in the integer-order case, the numerical treatment of problems of this kind is a
non trivial task and, as far as we know, this issue has not been properly addressed in the
context of fractional calculus.
Because of the nonlocal nature of fractional operators, finite difference methods demand the storage and the use of the whole history of the solution. Indeed, unlike differential equations of integer order, for FDEs it is not possible to apply a step-by-step
approach allowing to express the solution in terms of the solution in one of just few previous time-steps. Thus the numerical evaluation of the solution at each time-step involves
the use of the whole sequence of approximations in all the previous time-steps.
This issue can be a critical problem not only from the computational point of view
(due to large storage and high cpu time) but it can also represent a source of numerical instability. Round-off errors, indeed, accumulate and propagate in long calculations
4

(especially when the integration is required on large intervals or with small step-sizes);
this can lead to catastrophic cancellation with the consequence that the behaviour of the
numerical solution deviates from that of the exact solution which, as we will discuss later,
is highly oscillatory.
It is well-known (e.g., see [26, 27, 28]) that the exact solution of (2) can be expressed
as

eα,1 (t; (−i)α A)y0 + eα,α (t; (−i)α A)b
0<α≤1
y(t) =
(3)
α
α
′
α
eα,1 (t; (−i) A)y0 + eα,2 (t; (−i) A)y0 + eα,α (t; (−i) A)b 1 < α < 2
where the function eα,β (t; z) = tβ−1 Eα,β (tα z) is a generalization of the two parameter ML
function [29, 26, 27, 28]
Eα,β (z) =

∞
X
k=0

zk
,
Γ(αk + β)

z ∈ C,

α, β ∈ C,

ℜ(α) > 0.

Equations like (3) were considered in the past just as a theoretical tool for expressing
the analytical solution of the system because of the presence of matrix functions with
large arguments; only the quite recent introduction of reliable methods tailored to this
purpose allowed the development of exponential integrators for solving ODEs, successively
generalized also to FDEs.
The strength of this strategy is that in several cases it is possible to evaluate the
solution directly at a given time, without computing, storing and using the whole history.
This provides substantial computational advantages especially with problems of large size
and in the presence of a persistent memory as in fractional order problems.

3

Approximation of matrix functions by Krylov subspace methods

A determining aspect for the competitiveness of exponential integrators is the computation of the action of matrix functions on vectors. Indeed, as said in Section 2, the starting
point of these methods is the formulation of the solution in these terms. We just refer to
[30] and references therein for a complete treatise on matrix functions, both for theoretical
and practical aspects. Specifically, in our case the solution (3) of the TFSE (1) involves
the evaluation of vectors like eα,β (A)v, for given matrices A and vectors v. This computation becomes thus decisive since in general the matrix arguments are very large and
a naı̈ve implementation would frustrate any advantage of the method. The Krylov subspace methods are currently among the most effective approaches for this goal and their
effectiveness in approximating the ML function has been recently addressed [31, 32, 12].
We thus make use of Krylov subspace methods for our purposes and we introduce them
by referring to a generic well–defined function f .
The basic idea of the standard polynomial Krylov method (SKM) is to approximate
f (A)v in the Krylov subspaces
Km (A, v) = span{v, Av, A2 v, . . . , Am−1 v}, m ∈ N.
The Arnoldi method is usually used to work with these spaces. It starts from the initial
vector v1 = v/kvk, builds an orthonormal basis {v1 , v2 , . . . , vm } of Km (A, v) and stores it
as the columns of a matrix Vm = [v1 , v2 , . . . , vm ]. The process gives rise also to a matrix
Hm+1,m which collects the coefficients hi,j of the Gram-Schmitd orthonormalization of
5

each vi against all the previous basis vectors. This is an m + 1 × m upper–Hessenberg
matrix and we denote with Hm the matrix obtained by deleting the last row in Hm+1,m .
Then
VmT AVm = Hm
and the following Arnoldi relation holds
AVm = Vm Hm + kvkhm+1,m vm+1 eTm
with em = [0, . . . , 0, 1]T ∈ Rm . Theoretically one would stop the procedure when hm+1,m
vanishes since the corresponding Krylov subspace Km (A, v) would be invariant under A
and thus an approximation in this space would be exact. In practice this is not a practical
way to choose the projection space but monitoring the quantity khm+1,m vm+1 k could be
a strategy. Then the consequent approximation is
f (A)v ≈ kvkVm f (Hm )e1

(4)

with e1 = [1, 0, . . . , 0]T ∈ Rm . This approximation basically requires to evaluate f on a
matrix smaller than A and then expand back the result. The procedure is clearly effective
when m ≪ N since general purpose methods are usually at disposal to compute f (Hm )
for small matrix arguments Hm .
Useful insights come from looking at the approximation (4) as the polynomial interpolation, in the Hermite sense, of f on the eigenvalues of Hm (also known as the Ritz
values of A) repeated according to their multiplicities. We report this interesting result
due to a pioneering work by Saad [33].
Theorem 3.1. Let Vm , Hm be the result of m steps of the Arnoldi process on A ∈ CN ×N
and v ∈ CN . Then
kvkVm f (Hm )e1 = p̃m−1 (A)v

where p̃m−1 is the unique polynomial of degree at most m − 1 that interpolates f on the
spectrum of Hm .
We point out that we are actually interested in complex matrix arguments of the form
(−i)α tα A but fortunately, for the invariance properties of Krylov subspaces, these are
constructed handling only the real matrix A, while complex arithmetic is involved only
in the evaluation of scalar terms when computing f ((−i)α tα Hm ).
It is worthwhile to note that the dimension of the Krylov subspace is fundamental
for the efficiency of the numerical approach. Indeed, not only producing spaces of large
dimension can be computationally expensive, but the evaluation of the matrix function
can become prohibitive on projection spaces of large dimension.
As it is well known, the convergence of Krylov subspace methods strongly depends on
the spectrum of A and it degenerates as the convex hull of the spectrum enlarges. We
refer to [31] for a discussion of this topic in the case of ML functions as well as for related
references.
To overcome this difficulty the shift-and-invert Krylov method (SIKM) was introduced
in [34], and later in [35], to get a faster convergence. It actually belongs to the class of
rational Krylov methods when just one pole is used. In this case the Krylov subspaces
are generated by
Z = (δI + A)−1
for a suitably chosen real scalar δ > 0. The corresponding approximation is
f (A)v ≈ kvkUm f (H̃m )e1
6

−1
with H̃m = Hm
− δI, Hm denoting the Hessenberg reduction of Z, Um = [u1 , . . . , um ]
with u1 = v/kvk and u1 , . . . , um orthonormal vectors. Each step of the SIKM is more
expensive than one of SKM since a linear system with coefficient matrix Z is required
and finally the inversion of Hm is needed to get the final approximation. For the first task
direct or iterative solvers could be applied: in both cases a reduction of the computational
effort is possible since a factorization, for the former, or a preconditioner, for the latter,
can be computed just once at the beginning of the process. However, in general the fast
convergence of SIKM legitimizes this additional entanglement.
Also this approximation can be seen as a polynomial interpolation of f in the eigenvalues of H̃m . Anyhow, we will return later on this point showing some numerical comparisons between SKM and SIKM.

Remark 3.2. When A denotes an infinite dimensional operator the SIKM can be quietly
applied while SKM can be applied only if v is in the domain of A and its successive powers.
We can test the efficiency of SKM and SIKM for the numerical solution of the system
(2) stemming from the semi–discretization, along only the space variables, of problem
(1). We consider the same 2D problem described in Section 6; we apply standard finite
differences on a mesh-grid of 50 points along each dimension, thus resulting in a matrix
A of size 2, 500 × 2, 500. The solution thus requires the computation of eα,1 (t; (−i)α A)v
and/or eα,2 (t; (−i)α A)v when α > 1. We then apply SKM and SIKM for the evaluation of
these terms for different values of α. Different shift parameters are considered for SIKM
in order to analyse the influence of this factor on the method’s performance. As reference
solution we compute eα,β (t; (−i)α A), for β = 1, 2, by combining the funm Matlab routine
and the ml code devised in [36]. We do the same for eα,β (t; (−i)α Hm ) with Hm denoting
the Hessenberg projections into the appropriate Krylov spaces.
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Figure 1: Errors by polynomial (SKM) and rational (SIKM) Krylov methods for
eα,1 (t; (−i)α A)v for the 2D problem (N = 2, 500) at t = 1; α = 0.7 (left plot) and
α = 0.9 (right plot).
Figures 1-2 show that Krylov subspace methods fail in approximating eα,β (t; (−i)α A)v
since, even in very large spaces, the computed approximation is quite far from the exact
solution. No advantage is gained by using SIKM either, regardless of the choice of the
shift parameter. This odd phenomenon has inspired the deeper analysis that we are going
to address in the following sections. In fact, we derive a split of the exact solution which
enables us to optimally use the Krylov subspace methods on each part. In this way the
required accuracy is always reached.
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Figure 2: Errors by polynomial (SKM) and rational (SIKM) Krylov methods for
eα,2 (t; (−i)α A)v for the 2D problem (N = 2, 500) at t = 1; α = 1.1 (left plot) and
α = 1.3 (right plot).

4

The Mittag–Leffler function: integral formulations
and properties

The ML function Eα,β and its generalization eα,β play a crucial role in the analysis and
solution of FDEs. It is hence of fundamental importance to investigate their main properties and the techniques available for their numerical computation, also with matrix
arguments.

4.1

Laplace transform and integral formulations

One of the most powerful tools for the analysis and computation of several special functions is the Laplace transform (LT). This is also the case of the generalized ML function
eα,β (t; z) whose LT is [28, 27]
Eα,β (s; z) ≡ L(eα,β (t; z) ; s) =

sα−β
,
sα − z

ℜ(s) > 0 and |zs−α | < 1 ,

(as a consequence of the presence of real powers, Eα,β (s; z) is a multi-valued function and,
hence, a branch cut is required on the complex plane which, for convenience, is placed
along the negative real axis (−∞, 0]). By the inversion formula of the LT it is therefore
possible to represent eα,β (t; z) by the integral formulation
Z
1
eα,β (t; z) =
est Eα,β (s; z) ds,
(5)
2πi C
where C is a suitable deformation of the Bromwich line chosen in order to encompass all
the singularities of Eα,β (s; λ).
The solution of (1) involves terms like eα,β (t; z) with z = (−i)α λ, for real λ > 0. To
describe the qualitative behaviour of these terms we make use of completely monotonic
functions.
Definition 4.1. A function f : (0, +∞) → R is said completely monotonic (c.m.) on
(0, +∞) if f has derivatives of all orders and (−1)k f (k) (t) ≥ 0 for any k ∈ N and t > 0.
Since the limits as t → 0 of f (k) (t) exist, the c.m. function can be extended to [0, ∞)
when these limits are finite. A well-known result, usually referred to as the Bernstein’s
8

theorem [37, page 160], states that a function f is c.m. on [0, +∞) if and only if it is the
LT of a finite non-negative Borel measure on [0, +∞). In other words, there must exist a
distribution function K(r) ≥ 0, r ≥ 0, such that f (t) can be written as
Z t
e−rt K(r) dr.
f (t) =
0

For our analysis, c.m. functions are of particular interest since they have an extremely
regular behaviour; unlike high-frequency oscillating functions, it is indeed quite easy to
approximate c.m. functions by means, for instance, of polynomials or rational functions.
To study and approximate ML functions it is therefore of some help to clearly identify
the contribution of regular (in this case c.m.) and less regular (oscillating) terms; the aim
is to treat each term in the most appropriate way according to the expected behaviour.
We thus provide the following result.
Theorem 4.2. Let 0 < α < 2 and λ > 0 real. Then for any t > 0


1
α
1−β
1/α 1−β
eα,β (t; (−i) λ) = Fα,β (t; λ) + (−iλ )
Gα (t; λ) + ϕ(α) Hα (t; λ) ,
α
where Fα,β (t; λ) is a linear combination of c.m. functions,
Gα (t; λ) = e

−itλ1/α

,

Hα (t; λ) =



0
1/α
e−iϕ(α)tλ

0 < α ≤ 43
4
<α<2
3

and ϕ(α) = e2πi/α .
Proof. Denote with S the set of all singularities of the LT of eα,β (t; (−i)α λ) except for
possible singularities on the branch–cut. This set is obtained by considering the solutions
in the main Riemann sheet (i.e., those with the argument in (−π, π]) of sα − (−i)α λ = 0;
a direct calculation allows to evaluate
 
0 < α ≤ 43
−iλ1/α
S= 
4
< α < 2.
−iλ1/α , −iλ1/α e2πi/α
3

Deform now the contour C of the inversion formula (5) into a Hankel contour Hγ
starting from −∞, moving below the negative real semi-axis, surrounding the origin in
the positive (counterclockwise) sense along a circular disc |s| = γ and returning to −∞
above the negative real semi-axis. When γ → 0 the contour Hγ crosses the poles of Eα,β
and, hence, a residue subtraction leads to
X

eα,β (t; (−i)α λ) = Fα,β (t; λ) +
Res est Eα,β (s; (−i)α λ), s⋆ ,
s⋆ ∈S

where

1
Fα,β (t; λ) = lim
γ→0 2πi

Z

Hγ

est Eα,β (s; (−i)α λ) ds.

(6)

±
By integrating (6) in a standard way, after denoting with Fα,γ
(t; λ) the real valued
function
Z ∞
rα−γ
±

e−rt 2α
Fα,γ (t; λ) =
dr,
+ λ2
r − 2rα λ cos απ ∓ απ
0
2

9

simple derivations allow to evaluate
α
1 h βπi −
−
(t; λ) +
Fα,β (t; λ) =
e Fα,β−α (t; λ) − λe(β− 2 )πi Fα,β
2πi
+
− e−βπi Fα,β−α
(t; λ) + λe(

3α
−β)πi
2

i
+
Fα,β
(t; λ) ;

(7)

±
the c.m. character of Fα,γ
(t; λ) is then a direct consequence of the aforementioned Bernstein’s theorem. The residues of the LT of the ML function can be evaluated in an
analytical way; it is indeed immediate to verify that
 1 X ts⋆ ⋆ 1−β
Res est Eα,β (s; z), s⋆ =
e (s )
α s⋆ ∈S

and hence, after defining s⋆1 = −iλ1/α and s⋆2 = −iλ1/α e2πi/α , the proof follows by collecting
in Gα (t; λ) the residue at s⋆1 and in Hα (t; λ) the contribution due to the singularity s⋆2
(which exists only when 34 < α < 2).
The special structure of Fα,β (t; λ), expressed in (7) as the combination of few c.m.
functions, assures that its real and imaginary parts have just a very limited number of
extrema points and over long times, i.e. when t → ∞, they decay towards 0. This very
smooth behaviour can be appreciated in Figure 3 where Fα,β (t; λ) is plotted for some
instances of its parameters.
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Figure 3: Real and imaginary parts of Fα,1 (t; λ), when λ = 2.0, for α = 0.7 (left plot) and
α = 1.3 (right plot).
The behaviour of the exponential terms Gα (t; λ) and Hα (t; λ) clearly depends on the
location, in the complex plane, of their respective arguments, i.e. the singularities of
Eα,β (s; (−i)α λ).
As α varies, the first singularity s⋆1 = −iλ1/α can just move up and down but it remains
on the negative imaginary axis; thus, for a fixed λ < 1, Gα (t; λ) presents persisting
oscillations with increasing frequency as α increases from 0 to 2 as one can clearly see
from Figure 4.
On the contrary, when λ > 1 the frequency of the oscillations of Gα (t; λ) decreases as
the fractional order α increases (see Figure 5) and very highly oscillatory frequencies can
be clearly associated to small values of α.
The second singularity s⋆2 = −iλ1/α ei2π/α appears only when α > 4/3 and moves from
the real negative axis to the positive imaginary axis as α increases from 4/3 to 2 (its
location in the complex plane is indicated in Figure 6, together with that of s⋆1 ). Hα (t; λ)
presents therefore damped oscillations when α is close to 4/3 which tend to become more
sustained when α is close to 2. The behaviour of Hα (t; λ) is illustrated in Figure 7.
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Figure 4: Real and imaginary parts of Gα (t; λ), when λ = 0.5, for α = 0.7 (left plot) and
α = 1.3 (right plot).
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Figure 5: Real and imaginary parts of Gα (t; λ), when λ = 2.0, for α = 0.7 (left plot) and
α = 1.3 (right plot).
The behaviour of the whole function eα,β (t; (−i)α λ) is presented in Figure 8 for λ > 1
(when λ < 1 it is similar); it is hence given by regular and oscillating functions and,
obviously, it will preserve the persisting oscillating character of Gα (t; λ) to which the
damped functions Fα,β (t; λ) and Hα (t; λ) are added.
It is thus clear that the overall dynamics of eα,β (t; (−i)α λ) bears the different behaviour
of the terms Fα,β , Gα and Hα : it is thus the highly oscillating character of Gα (t; λ) (and
in some cases of Hα (t; λ)) to make extremely difficult its approximation.
On the other side we must recognize that the evaluation of the scalar functions Gα (t; λ)
and Hα (t; λ) does not present any particular difficulty since these are just elementary
functions. Contrarily the evaluation of Fα,β (t; λ) turns out to be more challenging since
only integral formulations are available; as a matter of fact, it is Fα,β (t; λ) which absorbs
the non-locality of the ML function and the resulting computational difficulty although,
due to its regularity, the approximation of Fα,β (t; λ) appears easier.

4.2

Evaluation on matrix arguments

By assuming that the matrix argument A has a real positive spectrum (as it is reasonable
within the application discussed in this paper), the result of Theorem 4.2 can be generalized in a straightforward way to the matrix function eα,β (t; (−i)α A). Then the solution
of the TFSE (2) (with b = 0 just for ease of presentation) can be split as
y(t) = zF (t) +


1
zG (t) + ϕ(α)1−β zH (t) ,
α
11

(8)

α→

2

√
+i λ

←

α

s2⋆

√
+i λ

α→2

s2⋆

←α

3

4

0

√
4

− λ3

α→0

4
3

0

s⋆1

√
−i λ

s⋆1
0←α

√
4
− λ3

√
−i λ

Figure 6: Location (dot lines) in the complex plane of the singularities s⋆1 and s⋆2 of
Eα,β (s; (−i)α λ) with respect to α when λ < 1 (left) and λ > 1 (right).
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α = 1.9 (right plot).
where

Fα,1 (t; A)y0
Fα,1 (t; A)y0 + Fα,2 (t; A)y0′
(
Gα (t; A)y0

1
zG (t) =
−α
′
Gα (t; A) y0 + iA y0

zF (t) =

and



zH (t) =

(

if 0 < α ≤ 1
,
if 1 < α < 2
if 0 < α ≤ 1

if 1 < α < 2

,

if 0 < α ≤ 43

1
.
i
Hα (t; A) ϕ(α)
if 34 < α < 2
A− α y0 + y0′

0



For the computation of the matrix functions in the various terms zF (t), zG (t) and
zH (t), Krylov subspace methods appear clearly the most suitable because of the large size
and sparsity of the matrix A. For the function Fα,β (t; A) a small Krylov subspace is in
fact sufficient to obtain a good approximation; one can actually verify this from Figure 9
which reports, as α varies, the minimum size of the Krylov subspace necessary to obtain
a relative error less than 10−8 .
As one can readily observe, the dimension of the Krylov subspace necessary to approximate Fα,β (t; A) within a given accuracy does not depend in a decisive way on α and t.
Neither the size of A seems to have a relevant impact on convergence, at least according
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Figure 8: Real and imaginary parts of eα,1 (t; λ), when λ = 2.0, for α = 0.7 (left plot) and
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Figure 9: Minimum dimension of the Krylov subspace in order to approximate Fα,1 (t; A)
with a relative error equal to 10−8 at t = 1 (left) and t = 100 (right) for N = 4900.
to many other numerical tests not reported here for brevity’s sake. Anyway the rational
SIKM provides better results than the polynomial SKM method, especially for suitable
values of the shift parameter δ, but it is worthwhile to remark that a fine tuning of δ does
not offer substantial improvements in this context. The convergence properties of the
different methods will be however investigated more in-depth, under a theoretical point
of view, in the subsequent section.
More difficulties are expected for the evaluation of zG (t) (and of zH (t) when α is close
to 2). Indeed, since the subspace Krylov approximations can be viewed as interpolations,
a function with high-frequency oscillations demands for a large number of interpolating nodes in order to be approximated in acceptable way; contrarily, for more regular
functions it can be expected that few information are sufficient to provide an accurate
enough approximation. This is an intuitive consequence of the Nyquist-Shannon sampling
theorem but can also be reasoned on the basis of more classic results in approximation
theory.
So, especially when α is small, the frequency of the oscillations in Gα (t; A) can be
so high to demand for a very large amount of information to approximate the function
in a satisfactory way; the situation gets even worse on large, or even moderately large,
intervals [0, T ], and in most cases the convergence of Krylov subspace methods can not
be achieved in a reasonable number of iterations (memory requirements forced us to set
at 500 the maximum size of the Krylov subspaces).
This problem can be however partially bypassed since Gα (t; A) and Hα (t; A) are ex13

ponential functions and hence, as already proposed in [12], it is possible to split the
computation in a step-by-step way. Indeed, for any step-size h > 0 it is
zG (t) = Gα (h; A)zG (t − h),

zH (t) = Hα (h; A)zH (t − h),

thus allowing to consider just exponential on considerably shorter time-intervals [0, h] in
which the computation is more affordable.
As we can see from Figure 10 it is necessary to use a reasonable small step-size h > 0
in order to assure convergence of the Krylov subspace methods in a reasonable number
of iterations (the flat lines in the first part of the α interval denote that no convergence
is achieved in the maximum of 500 iterations).
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Figure 10: Minimum dimension of the Krylov subspace for approximating exp(−ihA1/α )
with a relative error equal to 10−8 for h = 10−5 (left) and h = 10−3 (right) for N = 4900.

Convergence for exp −ihA1/α still however remains a serious issue with moderate
values of h, especially when α < 1.
The situation for zH (t) is similar since it involves the exponential with matrix argument
−ϕ(α)iA1/α . We however omit to discuss it explicitly since zH (t) is of less interest because
it appears only for α sufficiently large while TFSEs are more interesting when α is close
to 1.

4.3

Numerical computation of Fα,β (t; λ)

Unlike the functions Gα (t; λ) and Hα (t; λ) which are expressed in terms of elementary
functions, the evaluation of Fα,β (t; λ) is more challenging since only its integral representation is known.
The function Fα,β (t; λ) can be numerically evaluated, in the scalar case, by applying a
quadrature rule to the integral in (6); precisely, the contour Hγ needs to be replaced with
a contour suitably selected in order to minimize errors and obtain an accuracy as close as
possible to the machine precision. An effective procedure for the selection of the contour
is investigated in [38, 39] and applied to the ML function in [40, 36].

5

Convergence results

The convergence analysis for Krylov subspace approximations is fundamental to relate
the error behaviour and the dimension of the projection spaces. Concerning the problems
here considered, for α < 1 this analysis has been deepened in the recent paper [12]. Thus
14

for such cases we refer the reader to that paper. The results given below want to extend
the analysis to 1 < α < 2.
We address the convergence analysis for the SIKM, thus the Krylov subspace is K =
Km+1 (Z, v) for Z = (δI + A)−1 and m ≥ 1. In general the SIKM can be realized also
following the general definition of the rational Krylov methods, that is, f (A)v ≈ f (Ā)P v,
where Ā = P AP with P being the orthogonal projection onto K. In practice, the two
SIKM approximations give analogous results. For clarity of exposition, in performing our
convergence analysis we will refer to the latter formulation. Moreover, we recall that we
assume that σ(A) ⊂ [a, +∞[ for some a > 0.
To facilitate the reading of the paper, the proofs of the propositions below are collected
in Appendix.
The following results illustrate the convergence of the rational SIKM for the computation of Eα,β ((−it)α A)v.
Proposition 5.1. Let m ≥ 1 and t > 0; then, for β = 1, 2 and for every δ ≥ a, there is
a constant C(δ), depending only on δ, such that
1

Eα,β ((−it)α A)v − Eα,β ((−it)α A)v ≤ C(δ)
where c(α) =

1
3

if 1 < α <

8
5

2(α−1)
α+2

while c(α) =

if

8
5

exp(ta α ) kAvk −c(α)
m
,
a

≤ α ≤ 2.

The previous Proposition says that we may have an O( m−c(α) ) error with c(α) depending only on α. Thus it predicts, in the worst case, a sublinear convergence for the
SIKM, like it may occur in solving the integer-derivative Schrödinger equation as well
as dealing with the wave equation (see [41, 42, 43, 44]). The rate of convergence may
improve as α grows and this is confirmed by the numerical experiments reported in the
previous sections.
Yet, we observed that in practice the bound is often pessimistic. Indeed it is rather
qualitative. Anyhow, it shows the mesh independence of the “rate of convergence” of the
method, even if the bound depends on kAvk .
We point out that the choice δ ≥ a is not restrictive since a can be taken as any value
in the interval (0, λmin ] with λmin the minimum eigenvalue of A. From the theoretical
analysis (see Appendix) it seems that δ = a could be a “good” choice. Yet, in several
numerical experiments we did not find substantial differences varying δ. We must also
point out that the conditioning of (δI + A) (and so the accuracy of the method) improves
as δ increases.
1−β
1
In order to compute the oscillatory part zG (t) in eα,β ((−it)α A)v, that is A α exp(−itA α )v,
β ∈ {1, 2}, exploiting the fact that
1

1

lim+ (exp(−itA α )v − exp(−itA α )v) = 0,

t→0

the step-by-step strategy discussed in Section 4 appears as the most reasonable. Concerning the convergence (with respect to m) of this approach, the following statements
hold.
Proposition 5.2. The upper bound stated in Proposition 5.1 holds true even for
1
1
exp(−itA α )v − exp(−itA α )v .
Proposition 5.3. Let 1 < α < 2. Then for every δ > 0 there is a sequence of positive
scalars {ηm }, with ηm → 0 (as m → ∞), such that it holds that
1

1
−α

A− α v − A

v ≤ ηm kvk .
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We
p in [45] (cf. also [46]), if σ(A) ⊂ [a, b] then taking
√ point out that, as it was shown
δ = ab , we get ηmp= O(exp(−2m 4 a/b)). We recall that the error for the polynomial
SKM is O(exp(−2m a/b)) (see [47]). We notice that an alternative “optimal” choice of δ
was proposed in [45] which can make the rate of convergence independent of the spectrum
size. See [32] for a restarted version of the SIKM.
1
We observe that the numerical computation of exp(−itA α )v, namely the solution of
1

y ′ (t) = −iA α y(t), y(0) = v,
could be addressed even by any classical solver. Yet, also in this case the application of
1
functions of iA α is required.

6

Numerical experiments

For all the experiments presented throughout the various sections of the paper, we have
considered Eq. (1) into a two-dimensional square domain Ω = [−2, 2] × [−2, 2]. The
potential V (x) is assumed to be zero inside the interior of the subdomain Ωp = [−1, 1] ×
[−1, 1] and constant outside, namely V (x) = 0 for x ∈ int(Ωp ) and V (x) = 10 when
x ∈ cl(Ω/Ωp ). The initial distribution at the time t = 0 is of Gaussian type, i.e. ψ(0, x) =
2
e−|x| /2 , and all the constants are normalized according to ℏ = Tp = m̂ = 1.
The Laplacian ∇2x has been discretized by means of classic second order central differences, on equispaced mesh-grids, in order to recast Eq. (1) as the linear system of FDEs
(2). For simplicity, in all the tests we have used y0 = y0′ .
In this Section we aim to show the accuracy which can be obtained with the approach
discussed in the previous sections and provide a hint of the corresponding involved computational effort. Since we are interested in studying the dependence of the attainable
accuracy on the order α and the size of the problem, we approximate the vectors in (3)
by using the split in (8) for different values of α and of matrix dimensions N × N (this
corresponds to different discretizations of the Laplacian in (1)).
To tune the involved parameters we use the results from the numerical tests presented
before: for the term zF , for example, Figure 9 suggests to use the SIKM method with a
tiny dimension m, say m = 10 with shift parameter δ = 0.1. Indeed, this term can be
computed in a very fast way, with a computational time usually under tenths of seconds;
for this reason only the computational time for zG (t) will be reported.
According to Figure 10, for zG (t) we use SKM when α < 1, with m = 50 and h = 10−5 ,
while when α > 1 we apply the SIKM with m = 50, δ = 500 and h = 10−3 .
As expected, the case α < 1 is very difficult to treat: we chose to reduce the step h
to accelerate the convergence of the Krylov subspace method: in this way a small space
dimension suffices to get good accuracy. However, thousands of steps are needed to reach
the final t value, with a very large global execution time. Nonetheless, the accuracy we
reach on the approximation is very satisfactory and, if lower accuracies are required, lower
execution time can be expected, as we can clearly observe from Table 1.
We can conclude that only a proper use of the Krylov subspace methods allows to
reach the required accuracy in reasonable times. Indeed, a thorough application to eα,β is
wasteful, as shown in Figures 1-2, while the split in (8) allows to tackle each component
in the most appropriate way, as to globally reach the required accuracy.
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N
100

α = 0.7
α = 0.9
3.4 · 10−13
2.5 · 10−13
(37.3 sec.) (52.3 sec.)
900 1.3 · 10−11
1.0 · 10−12
(379.2 sec.) (372.7 sec.)
2500 2.3 · 10−6
2.5 · 10−11
(20192 sec.) (1716 sec.)

α = 1.1
α = 1.3
2.7 · 10−12 9.9 · 10−11
(0.7 sec.) (0.6 sec.)
2.1 · 10−11 4.3 · 10−9
(4.6 sec.) (4.3 sec.)
5.1 · 10−10 1.1 · 10−8
(30.5 sec.) (30.2 sec.)

Table 1: Relative errors in computing the solution (3) at t = 0.1 by using the split in (8)
for different values of α and of matrix dimensions N × N . The CPU time required for zG
is in parentheses (the CPU time for the other terms is negligible).

Appendix A

Proofs of the convergence results

For the proofs of the convergence results we use an integral formulation of the ML function
based on the Hankel representation on the contour Q(ε, µ) consisting of the following three
parts:
1. arg ξ = −µ, |ξ| > ε,

2. −µ ≤ arg ξ ≤ µ, |ξ| = ε,

3. arg ξ = µ, |ξ| > ε,

< µ ≤ min[π, απ] and ε > 0.
where for 0 < α < 2, it is απ
2
The contour Q(ε, µ) is oriented in such a way that arg ξ is non-decreasing. It divides
the complex plane into a left domain G− (ε, µ) and a right domain G+ (ε, µ). The choice
µ = π is allowed and G+ (ε, π) becomes C excluding the circle |z| < ε and the line
|arg z| = π. The following representation [28, Theorem 1.1] holds for z ∈ G+ (ε, µ):
1

α

eα,β (t z) = (−i)

1−β

z

1−β
α

exp(tz α )
1
+
α
2απi

Z

1

exp(−tξ α )ξ
Q(ε,µ)

1−β
α

(ξ − z)−1 dξ.

The extension of the previous formulae to our matrices is obvious, recalling also that in our
1
case A α is defined through its Schur decomposition. We point out that we are interested
to give convergence results which hold for every discretization introduced. This motivates
to assume σ(A) ⊂ [a, +∞), a > 0.
We recall that (see [28, Theorem 1.5]) there is a constant C such that for every
u ∈ G+ (ε, µ) it holds that


1−β
1
−1
α
α
|Eα,β (u)| ≤ C (1 + |u|)
exp(ℜu ) + (1 + |u|)
.
(9)
From now on, for λ(6= 0) ∈
/ σ(A) ∪ σ(A) let us set

and Φ(κ) = κ +

√

D(λ) = (λI − A)−1 − (λI − A)−1 P

(10)

κ 2 − 1, κ ≥ 1.

Proof. of Proposition 5.1.
At first assume that α < 8/5. Consider the positively oriented (counterclockwise)
contour Γ consisting
of the following parts:

π
1) Γ2+ = λ ∈ C : λ = ar exp(i 6r
) for 1 ≤ r < +∞ ;
√

2) Γ1 = λ ∈ C : λ = a( 3 + iρ)/2, −1 ≤ ρ ≤ 1 ;
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π
3) Γ2− = λ ∈ C : λ = ar exp(−i 6r
) for 1 ≤ r < +∞ .
For the sake of simplicity we set Γ2 = Γ2+ ∪ Γ2− .
Owing to (9), we notice that, for β = 1, 2, the function Eα,β ((−it)α λ) is continuous and
uniformly bounded on Γ and it is analytic in the right-sided domain (in C+ ) surrounded
by Γ. Moreover from (9), for every t > 0, we have


β−1
1
|Eα,β ((−it)α λ)| ≤ C (1 + |tα λ|)− α exp(ta α ) + (1 + |tα λ|)−1
and so

1

|Eα,β ((−it)α λ)| ≤ C exp(ta α ), for λ ∈ Γ.
Employing the Dunford-Taylor representation theorem and applying Lemma 9 in [12]
we obtain
Z

Eα,β ((−it)α λ) D(λ)pm (Z)
1
α
α
Avdλ
Eα,β ((−it) A) − Eα,β (−it) A v =
2πi Γ
λ
pm ((λ + δ)−1 )

for every pm ∈ Πm , where Πm denotes the set of all algebraic polynomials of degree
at most m. Therefore
I1 + I2
,
2π

(11)

Eα,β ((−it)α λ) D(λ)pm (Z)
Avdλ .
λ
pm ((λ + δ)−1 )

(12)

(Eα,β ((−it)α A) − Eα,β ((−it)α A))v ≤
where for k = 1, 2,
Ik =

Z

Γk

For λ ∈ Γ1 , referring to (10), it holds that
kD(λ)k ≤ C/a.
In order to apply Lemmas 10 − 13 in [12], setting η = δ/a we realize that
ω(λ) =
Therefore

2(η + 1)
2(η + 1) + |ρ|
δ + a + |λ − a|
√ .
≥
≥q
√
|λ + δ|
2η
+
3
2
2
ρ + (2η + 3)

Φ(ω(λ))

−1

√
2η + 3
q
≤ q(η) =
√ .
2(η + 1) + 1 + 2η(2 − 3)

So, by Lemmas 10 − 13 in [12] we have

1

exp(ta α ) kAvk
I1 ≤ C
q(η)m .
a

(13)

Now we consider λ ∈ Γ2 . At first we point out that
1

exp(ta α )
Eα,β ((−it)α λ)
≤C
λ
ar
and moreover that
|dλ| = a

r

1+

 π 2
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6

r−2

!

dr.

(14)

In this case
ω(λ) =

η+r
δ + a + |λ − a|
≥p
≡ g(r).
|λ + δ|
η 2 + r2 + 2rη cos(π/6r)

Moreover, for L = A/a and L = A/a we have

−1 
 π
 π
−1 
1 
I −L
I −L
r exp ±i
− r exp ±i
.
D(λ) =
a
6r
6r

(15)

(16)

Thus, by (14) and (16), employing Lemmas 9, 10, 13 in [12], applying Schwarz’s inequality, by simple computation we get
1

exp(ta α ) kAvk
I2 ≤ C
a
where

Z

∞
−2

r Φ(g(r))

−2m

dr

1

 21

(17)

p
π
η + r + 2rη(1 − cos 6r
)
Φ(g(r)) = p 2
.
π
2
η + r + 2rη cos 6r

By direct computation, one realizes that
p
√
π
2rη(1 − cos 6r
)
η
≥1+ √
Φ(g(r)) ≥ 1 + p 2
π
2
4 r(r + η)
η + r + 2rη cos 6r

and we get

Φ(g(r))
Therefore we have
Z ∞

−1

√



η
1
≤1− √
√ ≤ exp − √
8r ηr + 1
4 r(r + η) + η

−2

r Φ(g(r))

−2m

1

dr ≤

Z

∞

r

−2

exp

1



−2m
√
(1 + 8 η)r3/2



dr.

Using formulae (13.2.1) and (13.1.5) in [48], one verifies that
Z

∞
−2

r Φ(g(r))
1

−2m

dr ≤ C



√  23
1+8 η
.
2m

(18)

Thus by (18), collecting (17) and (13) we get the bound
1


exp(ta α ) kAvk 
−c(α)
m
Eα,β ((−it) A)v − Eα,β ((−it) A)v ≤ C
q(η) + C(δ)m
a
α

α

(19)

for some C(δ) depending on δ and c(α) = 1/3.
Now let 8/5 ≤ α ≤ 2; consider
the positively oriented contour o
Γ with Γ1 as before and
n
−1

Γ2 = Γ2+ ∪ Γ2− for Γ2± = λ ∈ C : λ = ar exp(±i πr6 α ) for r ≥ 1 .
Again we find that, for β = 1, 2, the function Eα,β ((−it)α λ) is continuous and uniformly
bounded on Γ and it is analytic in the right-sided set (in C+ ) surrounded by Γ. Proceeding
as before we get (11), (12) and (13). For λ ∈ Γ2 we realize that
!
r
 π 2 2
|dλ| = a
1+
r− α dr
6α
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and that (15), (17) and (18) still hold. Now, observing that
1

Cr−1+ α
,
kD(λ)k ≤
a
by (14) and (16), employing Lemmas 9, 10, 13 in [12] we get
1

exp(ta α ) kAvk
I2 ≤ C
a

Z

∞

1

r−2+ α Φ(g(r))−m dr.
1

Arguing as before we now obtain
Φ(g(r))−1

1
≤ exp −
√ 1 +1
1 + 8 ηr α 2

Therefore we have
Z
Z ∞
1
−m
−2+ α
Φ(g(r)) dr ≤
r
1

∞

r

1
−2+ α

exp

1

!

−m
1
1
√
(1 + 8 η)r α + 2

!

dr

and now one finds
Z

∞

1

r−2+ α Φ(g(r))−m dr ≤ C

1



√  2(α−1)
α+2
1+8 η
.
m

Then we obtain again the bound (19) with c(α) = 2(α − 1)/(α + 2). The result is so
proved. 
Proof. of Proposition 5.2. Let us reconsider the contours Γ introduced before and observe
1
that the function exp(−itλ α ) is continuous and uniformly bounded on Γ and it is analytic
in the right-sided domain surrounded by Γ. Thus proceeding as before, with the obvious
changes, the bounds follow. 
Proof. of Proposition 5.3. We observe that, setting Z = (δI + A)−1 : K → K, we have
pm (Z)v = pm (Z)v,
for every pm ∈ Πm and therefore
1

(A− α − A

1
−α

1

)v = (A− α − pm (Z))v − (A

1
−α

− pm (Z))v.

(20)

As it is well known the following Stieltjes representation holds
1
−α

A

sin(π − π/α)
v=
π

Z+∞
1
λ− α (λI + A)−1 vdλ.
0

Thus by a result given in [45], we know there is a sequence {pm }m with pm ∈ Πm and a
sequence of positive scalars {ηm }, with ηm → 0 as m → ∞, such that for every Hermitian
positive definite matrix A with σ(A) ⊂ [a, +∞] it is
1

(A− α − pm ((δI + A)−1 ))v ≤ 2ηm kvk .
Applying this to (20) the statement follows. 
20
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