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Abstract. Time–fractional partial differential equations can be numerically solved by first discretizing with respect to the spatial derivatives
and hence applying a time–step integrator. An exponential integrator
for fractional differential equations is proposed to overcome the stability issues due to the stiffness in the resulting semi–discrete system.
Convergence properties and the main implementation issues are studied. The advantages of the proposed method are illustrated by means
of some test problems.

1 Introduction
Partial differential equations (PDEs) are one of the main tools in modeling many
fundamental real–life systems.
For a long time, integer–order derivatives have been the leading instrument for
describing dynamical systems. However, more recent studies have shown that models
based only on derivatives of integer order are not completely satisfactory to depict the
complex and sophisticated nature of several phenomena and therefore, on the basis
of physical and mathematical considerations, differential operators of fractional (i.e.,
non integer) order have been introduced (see, for instance, [23, 31, 38]). Nowadays
PDEs with fractional derivatives are very popular in a wide range of research areas,
from biology to chemistry, economics, mechanics, seismology and so on.
One of the main reasons leading to the introduction of fractional–order derivatives in equations governing real–life systems is to adequately describe and simulate
the behavior of non–ideal materials showing anomalous phenomena and/or dynamics with long–memory features; some classical examples can be observed by studying
transfer processes in non–heterogeneous media or non–local interactions in continuum
mechanics (e.g., see [29, 30]).
Recently in [12] it has been discussed a nonlinear fractional–time derivative model
of temperature and pressure waves propagating in porous rocks. It is widely accepted
that in order to obtain a realistic simulation of wave propagation in fluid–saturated
porous rocks it is necessary to take into account the variability of the main coefficients
of the porous media due to the obstruction of pores as the result of transport of solid
fine particles. As proposed by Caputo [2], an efficient way to study and model this
variability is by means of a memory formalism in which classical time derivatives
a
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are replaced by derivatives of fractional order. Following this approach, the analysis
carried out in [12] has led to a nonlinear time–fractional equation in the form
∂α
∂
∂2
u
+
εu
u,
u
=
ν
∂tα
∂x
∂x2

(1)

where ε and ν are constant coefficients and α ∈ (0, 1) is the fractional order usually
determined on the basis of experimental data.
Throughout the paper, t and x will denote time and spatial variables respectively
and u = u(t, x) the unknown solution in a domain D = [0, T ] × Ω, Ω ⊆ Rq , q ∈
{1, 2, 3}. With dα /dtα we denote the fractional derivative operator with respect to
the origin and defined, for α > 0, according to the Caputo’s definition [5]
Z t
m−α−1 (m)
dα
1
y(t)
=
t−s
y (s)ds,
α
dt
Γ (m − α) 0
where Γ (·) is the Euler gamma function, m = ⌈α⌉ the smallest integer such that
m > α and y (m) denotes the classical derivative of integer order m. Some alternative
definitions for fractional–order derivatives have been also introduced; the Caputo’s
definition is however the most convenient for several practical applications since it
allows to couple the problem with standard initial conditions of Cauchy type
dk
u(0, x) = u0,k (x),
dtk

k = 0, . . . , m − 1,

which are the most common in practical real–life applications (as usual, some other
Dirichlet, Neumann or mixed boundary conditions are involved to guarantee the
uniqueness of the solution).
Equation (1) can be regarded as a special case of the time–fractional advection–
diffusion–reaction (ADR) equation
∂α
∂
∂2
u + ε u = ν 2 u + ρf (u)
(2)
α
∂t
∂x
∂x
which will be used as the reference equation throughout this paper.
Examples of fractional systems with a nonlinear reaction term f (u) of Bonhoeffervan der Pol and Brusselator type have been investigated, for instance, in [9]. A
very special case is the time–fractional diffusion equation [41, 43], with ε = ρ = 0,
generalizing the standard heat equation.
The numerical solution of time fractional partial differential equations (TFPDEs)
is more involved than the integer–order case. Not only physical and mathematical
aspects have to be taken into account to obtain reasonable results but also algorithmic issues must be carefully investigated in order to perform the computation in an
effective way. The lack of smoothness in the true solution and the long–persistent
memory of fractional order systems make indeed the computation very challenging.
This work concerns with the numerical treatment of TFPDEs and we discuss an
approach, called exponential integrators, which has been successfully employed in the
numerical simulation of integer–order PDEs but, so far, scarcely investigated in the
context of fractional PDEs.
This paper is organized as follows: Section 2 deals with the discretization of spatial
derivatives in TFPDEs and some major issues in the solution of the semi–discrete
systems are discussed. In Section 3 we device an exponential integrator for fractional–
order problems and we study the convergence properties; some details concerning the
practical implementation are hence discussed in Section 4. Finally, in Section 5 some
numerical experiments are presented in order to illustrate reliability and advantages
of the proposed method.
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2 Semi–discretization of time–fractional PDEs
A well–established strategy in the numerical treatment of PDEs is to discretize the
spatial derivatives and leave the time variable continuous in order to transform the
PDE into a system of ordinary differential equations (ODEs) approximating the original problem. The spatial discretization can be pursued in several ways, for instance
by finite differences, finite elements or spectral methods. For simplicity of presentation, in this paper we confine our attention on semi–discrete methods based on finite
differences but most of the results can be readily extended to further approaches.
To this purpose, for one dimensional problems we consider an equispaced mesh–
grid xj = j∆x on a spatial domain Ω = [0, 1], where ∆x = 1/(Nx + 1). A straightforward way to discretize the spatial derivatives is to replace them by central differences

d
u(xj+1 , t) − u(xj−1 t)
u(xj , t) ≈
+ O ∆x2 ,
dx
2∆x

u(xj−1 , t) − 2u(xj , t) + u(xj+1 , t)
d2
u(xj , t) ≈
+ O ∆x2 ,
2
2
dx
∆x
where the second–order accuracy is achieved under the assumption of sufficiently
smoothness of uxxx and uxxxx . In several situations, other schemes are preferable
for stability reasons; we do not pursue this topic further here and we refer to some
classical textbooks on the numerical treatment of PDEs (e.g., [22] or [24]).
By focusing, for simplicity, on 0 < α < 1, the application of the above finite difference schemes in TFPDEs (2) leads to semi–discrete systems of fractional differential
equations (FDEs) in the form
∂α
U (t) + AU (t) = F (U (t)),
∂tα

U (0) = U0 ,

(3)

where A is an Nx ×Nx matrix, F : RNx → RNx is a vector–valued function and U (t) =
T
U1 (t), U2 (t), . . . , UNx (t) with Uj (t) = u(xj , t), j = 1, . . . , Nx . The initial value U0
is directly derived from the initial condition and the source term F (U (t)) collects not
only information related to (possibly) non–linear terms but also discretized boundary
conditions.
There are many well developed time–discretization schemes to solve the semilinear
system (3); we just refer, for instance, to [6, 11, 13, 14, 25, 28].
Numerical schemes can be roughly divided into explicit and implicit methods; the
choice of the most appropriate strictly depends on the properties of the problem.
One of the more distinctive features of systems coming from spatial discretization
of PDEs is their size. Regardless of the approach used to discretize the space variables,
the dimension of the resulting system can indeed be very large, up to a dimension in
the range 104 ∼ 106 for 3D modeling.
For problems of large size the use of explicit integrators is often precluded. Indeed, as the size of the problem increases (this means finer and more accurate mesh
partitions for spatial discretization) the spectrum of A usually includes eigenvalues
with a very large real part, thus producing stiff problems which are hardly solved by
means of explicit methods.
This shortcoming, which is well–understood in the numerical simulation of differential systems of integer order, is sometimes overlooked within fractional problems.
To better illustrate it, let us focus on the simple generalization of the heat equation,
i.e. problem (2) with ε = ρ = 0, and hence F (U ) = 0 after assuming homogeneous
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boundary conditions. The resulting semi–discrete system can be integrated, for instance, by means of the explicit Grünwald–Letnikov scheme [5, 38]
n
X

k=0


(α)
ωn−k Uk − U0 = hα AUn−1

(4)

(α)

with ωn the coefficients in the power series expansion of (1 − ξ)α , h > 0 the time
step–size and Uk the approximation for U (kh). Method (4) belongs to the more
general class of fractional Adams–Bashforth methods discussed in [13] and developed
on the basis of the work in [28]. By means of the linear stability analysis carried
out in [10] it is easy to see that, in order to obtain stable solutions, it is required
that −2α < −hα λ < 0, with λ = 4ν/∆x2 the dominant eigenvalue of A. Thus, the
counterpart for this TFPDE of the Courant-Friedrichs-Lewy (CFL) condition is
hα
2α
<
.
∆x2
4ν
Whenever α is smaller then 1, the above CFL condition is stronger with respect to
integer–order PDEs and it can turn out in the requirement of a very small step–size
h to ensure stability.
With fractional–order systems, which are characterized by the presence of a persistent memory, the use of a small-step size entails a large amount of computation
to cover the whole interval of integration, thus making the process of integration
(especially over long time intervals) very slow and demanding.
Unlike explicit methods, implicit schemes do not suffer from these serious limitations and present better stability properties; thus they are usually preferred for the
numerical treatment of stiff problems. However, the presence of a nonlinearity in (3)
is a source of computational complexity since the solution, at each integration step,
of a non linear system (by means of some Newton–like iterations) can be exceedingly
demanding for problems of large dimension.

3 Exponential integrators for fractional problems
An alternative approach, named as exponential integrators (EIs), aims to solve efficiently semilinear stiff systems by applying explicit integrators just to the non-linear
term, which is usually non–stiff, and solving exactly the linear stiff term by means of
matrix functions [21].
Although EIs have been introduced since early 1960s (see [32] for an historical
review), for several years they have been considered of little practical interest because the difficulty in evaluating functions with matrix arguments of, possibly, large
dimension. In recent years the spread of efficient methods to perform this task [19]
has renewed the interest in EIs.
Anyway, the application of EIs to time–fractional problems is a subject which so
far has not been properly investigated.
A straightforward way to derive EIs for the semilinear system (3) is to express the
true solution by means of the variation–of–constant formula
Z t
eα,α (t − s; A)F (U (s))ds,
(5)
U (t) = eα,1 (t; A)U0 +
0

where the function eα,β (t; λ) denotes the generalization of the inverse of the Laplace
transform sα−β /(sα + λ) to the matrix argument A (see, for instance, [16] or [38]).
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It is well–known (e.g., see [31, 38]) that eα,β (t; λ) can be written in terms of the
Mittag–Leffler (ML) function
Eα,β (z) =

∞
X

k=0

according to

zk
Γ (αk + β)

(6)

eα,β (t; λ) = tβ−1 Eα,β (−tα λ).

(7)

The following result on the integration of the eα,β function will be used later on.
Lemma 1 Let a < b ≤ t and α, β > 0. Then for any z ∈ C
Z

b

eα,β (t − s; z)ds = eα,β+1 (t − a; z) − eα,β+1 (t − b; z).
a

Rb
Rt Rt
Proof First split the integral in two, say a = a − b ; equation (1.100) in [38] is
hence applied twice to conclude the proof after elementary changes of variable. ⊓
⊔
There are many equivalent ways to generalize a scalar function to matrix arguments; we refer to the introductory part of [19] for a general reference to this subject.
We just recall here that any matrix A ∈ Rm×m can be expressed in its Jordan canonical form A = ZJZ −1 , where J is the diagonal block matrix J = diag(J1 , J2 , . . . , Jp )
and


λk 1


.


λk . .

 ∈ Cmk ×mk , k = 1, . . . , p,
Jk = 

.
.

. 1 
λk
are the Jordan blocks of size mk × mk , with m1 + m2 + · · · + mp = m; thus, a function
f (x) can be evaluated at the matrix argument A as

f (A) = Zf (J)Z −1 = Z diag f (J1 ), f (J2 ), . . . , f (Jp ) Z −1 ,
(8)
where



f (λk ) f ′ (λk ) . . .

.

f (λk ) . .
f (Jk ) = 

..

.

f (mk −1) (λk )
(mk −1)!

..
.

′

f (λk )
f (λk )





.



(9)

Note that λk ’s are the eigenvalues of A and the above approach just requires that
the function and some derivatives are defined on the spectrum of A.
Whenever A is diagonalizable (a situation which is very common with matrix
arising from semi–discretization of PDEs), all the Jordan blocks have size mk = 1
and J is diagonal; thus we can write A = ZDZ −1 , with D = diag λ1 , λ2 , . . . , λm ,
and


f (λ1 )
f (λ2 )

 −1
Z ,
(10)
f (A) = Zf (D)Z −1 = Z 
..


.
f (λm )

where now the columns of Z are the eigenvectors of A.
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To exploit (5) for numerical computation, given on the interval [0, T ] a mesh–grid
tn = nh, n = 0, 1, . . . , which for simplicity we assume equispaced with step–size h,
we first write (5) in the piece–wise manner
U (tn ) = eα,1 (tn ; A)U0 +

n−1
X Z tj+1
j=0

eα,α (tn − s; A)F (U (s))ds;

(11)

tj

hence in each subinterval [tj , tj+1 ] we approximate the vector field F (U (s)) by the
constant value F (Uj ), where Uj stands for the approximation of U (tj ). The application of Lemma 1 into (11) leads to
Un = eα,1 (tn ; A)U0 +

n−1
X

Wn,j F (Uj ),

(12)

j=0

where the weights Wn,j are matrix functions defined as
Wn,j = eα,α+1 (tn − tj ; A) − eα,α+1 (tn − tj+1 ; A).
In order to study the main properties of (12) it is useful to first introduce the
following result on the matrix weights Wn,j .
Proposition 1 Let 0 < α < 1 and A a diagonalizable matrix with real and positive
eigenvalues. There exist a positive constant M depending only on α and A such that
for any n = 1, 2, . . .
Wn,j k ≤ M hα (n − j)α−1 ,

j = 0, 1, . . . , n − 1.

Proof First observe that Eα,β (z) is a positive and monotonically decreasing function
for z < 0 and β ≥ α [40]. Thus, for any real λ > 0 it is immediate to verify that
eα,β (t; λ) ≤ tβ−1 Eα,β (0) =

tβ−1
.
Γ (β)

(13)

Thanks to (8), it is
kWn,j k ≤ K(Z) · max eα,α+1 (tn − tj ; λk ) − eα,α+1 (tn − tj+1 ; λk )
k=1,p

with K(Z) = kZk · kZ −1 k ≥ 1 the condition number of Z and λk , k = 1, . . . , p, the
eigenvalues of A.
When j = n − 1, under the assumption that λk are real and positive, the proof
is a direct consequence of (13). For j = 0, . . . , n − 2, by applying classical Taylor
expansions in the definition (6) of the ML function, we may assert the existence of
ξj ∈ [tj , tj+1 ] such that
eα,α+1 (tn − tj ; λ) − eα,α+1 (tn − tj+1 ; λ) = heα,α (tn − ξj ; λ)
and, thanks again to (13), it is
eα,α (tn − ξj ; λ) ≤

1
1
(tn − ξj )α−1 ≤
(tn − tj+1 )α−1 .
Γ (α)
Γ (α)

It is therefore immediate to show that kWn,j k ≤ K(Z)hα (n − j − 1)α−1 /Γ (α)
and the proof follows after observing, by means of standard arguments, that (n − j −
1)α−1 ≤ 21−α (n − j)α−1 . ⊓
⊔

Will be inserted by the editor

7

Because the presence of the factor K(Z), one could expect a very large value of
M when the spatial mesh width ∆x is very small; however, A is frequently normal
and hence Z unitary, thus having minimum values for K(Z).
The convergence of the exponential integrator (12) can be proved by the same
kind of arguments used to prove the convergence of standard discretization methods
for classical weakly singular Volterra integral equations [8].
Theorem 1 Let 0 < α < 1, A diagonalizable with real and positive eigenvalues and
F Lipschitz continuous. The error En = U (tn ) − Un of the exponential integrator
(12) satisfies
En ≤ C1 h + C2 tα−1
h1+α
n
for some positive constants C1 and C2 .
Proof Let us write the true solution of (5) as
U (tn ) = eα,1 (tn ; A)U0 +

n−1
X

Wn,j F (U (tj )) + Tn ,

(14)

j=0

where Tn is the quadrature error
Tn =

n−1
X Z tj+1
j=0

tj



eα,α (tn − s; A) F (U (s)) − F (U (tj )) ds.

Since F is Lipschitz continuous, by subtracting (12) form (14), we observe that
En ≤ T n +

n−1
X

kWn,j kkF (U (tj )) − F (Uj )k ≤ Tn + L

j=0

n−1
X

kWn,j kEj

j=0

for some constant L > 0; hence, thanks to Proposition 1, it is
En ≤ Tn + LM1 hα

n−1
X

(n − j)α−1 Ej .

j=0

To study the term Tn use again the Lipschitz continuity of F
Tn ≤ L · K(Z)

n−1
X Z tj+1
j=0

eα,α (tn − s; D) · U (s) − U (tj ) ds,

tj

with A = ZDZ −1 and D the diagonal matrix of the eigenvalues of A. After denoting
M2 = L · K(Z)/Γ (α), the application of (13) leads to
T n ≤ M2

n−1
X Z tj+1
j=0

(tn − s)α−1 U (s) − U (tj ) ds.

tj

The behavior of the true solution U (t) has been investigated by Lubich [27] who
proved that U (t) expands in mixed powers of integer and fractional order according
to U (t) = C0,0 + C0,1 tα + C0,2 t2α + C1,0 t + C1,1 t1+α + . . . . Thus, in the vicinity of the
origin, say in an interval [0, tp ], U (s) − U (tj ) can be bounded, for s ∈ (tj , tj+1 ], by
a constant times hα whereas, as t goes away from the origin, a bound proportional

8
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to h is indeed involved. Hence, by following a reasoning similar to that in [8, Section
3.] we obtain
Tn ≤ M3 h1+α tα−1
+ M4 h,
n
with M3 and M4 some positive constants. The proof thus follows by applying Theorem
2.1. in [8]. ⊓
⊔
Theorem 1 states first order convergence for the EI (12), in accordance with convergence of the classical rectangular product integration rule for FDEs [7]. Indeed,
the advantage of EIs with respect to standard approaches does not actually lie in
accuracy rather in numerical stability: since the linear (and usually stiff) term of
(3) is solved exactly by the ML function, strong restrictions on the step–size are no
more necessary and the explicit scheme (12) is able to provide suitable results with a
reasonably large step–size, as we will show in a subsequent section.

4 Implementation issues
The evaluation of weights Wn ’s in the EI (12) involves the computation of ML functions with matrix arguments. It is well–known that this is not a trivial task, especially
when the size of the matrix is large.
In the last years great efforts have been devoted to device efficient methods for
evaluating matrix functions [19], with special emphasis on exponential and related
functions [3, 4, 20, 26, 33, 35, 39]. Only recently the attention has moved towards the
extension of some of these techniques to ML functions [17, 18, 15, 34, 36, 37].
To avoid unnecessary too technical details (which are outside the scope of this
paper) we propose a very simple (but effective in several applications) implementation
ej = Z −1 Uj
of (12). Given A in its Jordan canonical form A = ZJZ −1 , after putting U
−1
e
e
and Fj = Z Fj we can write (12) equivalently as Un = Z Un with
en = eα,1 (nh; J)U
e0 + eα,α+1 (nh; J)Fe0 +
U

n−1
X
j=1

eα,α+1 ((n − j)h; J)∇Fej ,

(15)

where ∇Fej = Fe (Uj ) − Fe (Uj−1 ) are standard finite differences and the evaluation of
the ML function with the argument J is performed by means of (9). Note that the
above formulation is not expensive and just adds at each step the solution of a single
linear system and a matrix–vector product, as summarized in the Algorithm 1.
Algorithm 1 Practical implementation of the EI (12)
e0 = U0
Solve the system Z U
Solve the system Z Fe0 = F (U0 )
for n=1,2,. . . do
en by equation (15)
Evaluate U
e
Un = Z Un
Solve the system Z Fen = F (Un )
end for

In most cases the matrix A is diagonalizable and hence, due to (10), just the
values of the ML eα,α+1 (t; λ) on scalar arguments λ have to be computed. Moreover,
in several situations an explicit formulation of eigenvalues and eigenvectors of A is

Will be inserted by the editor

9

available, thus avoiding the ill–conditioned problem of diagonalizing A. For instance,
it is a well–known result that for the 1–dimensional heat equation obtained from (2)
with ε = ρ = 0 the eigenvalues of A are


ℓπ
2ν
, ℓ = 1, 2, . . . , Nx
1
−
cos
λℓ = −
∆x2
Nx + 1
and the corresponding eigenvectors can be expressed as

T
ℓπ
2ℓπ
Nx ℓπ
zℓ = sin
, sin
, . . . , sin
∈ RNx .
Nx + 1
Nx + 1
Nx + 1
In [42] it has been analyzed the computation of some functions, also with matrix
arguments, by inverting numerically their Laplace transform on well suited contours.
This technique has been successively proved [18] to apply, with some modifications,
also for the generalized ML function (7). According to the analysis in the aforementioned papers, the value of eα,β (t; J) can be approximated by means of
[K]

eα,β (t; J) =

K
−1
δ X zk t α−β ′ α
e zk zk zk I + J
2πi

(16)

k=−K

where zk = z(δk), k = −K, . . . , K are equispaced nodes (with step–size δ > 0) on the
parabolic contour z(u) = µ(iu + 1)2 in the complex plane and zk′ = z ′ (δk). Here the
parameters δ, µ and K are chosen, in order to reduce the computational cost to a
minimum, by balancing the different components of the error. The analysis performed
in [42] suggests to select
πN
3
δ= , µ=
K
12t

−2πK/3
to obtain an error proportional to O e
. Therefore, to ensure the error below
a certain tolerance τ > 0, it is sufficient to use a number of nodes given by
K = K(τ ) > −

3
log τ.
2π

(as discussed in [18], these parameters turn out to be optimal for ML functions eα,β
with low values of β; when β > α + 1 a more involved analysis is necessary).
Since in (15) we are interested in the evaluation of products of eα,α+1 (n, J) times
a vector, the main task when using (16) is the solution of a sequence of linear systems
with coefficient matrix zkα I + J. In the case A is diagonalizable, this is obviously a
not expensive task which can be performed in a number of floating–point operations
proportional to the size of A. In different instances, and for systems of large size,
Krylov subspace methods are usually preferable.
When J is real we can exploit the symmetry of the parabolic contour with respect
to the real axis to almost halve the computational effort by the equivalent formula
[K]
eα,β (tn ; J)

K
−1 
δ X′  zk,n tn α−β ′
α
,
I +J
zk,n zk,n zk,n
ℑ e
=
π
k=0

where ℑ denotes the imaginary part and the ′ symbol in the summation means that
the first term (i.e, the one for k = 0) must be halved (we have introduced the notation
zk,n to stress the dependence of the nodes on the time–step tn = nh).
Interestingly, when 0 < α < 1 just the location of the nodes in the complex plane
changes according to the time point tn but their number K and the step–size δ on
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the parabola remain constant throughout the integration process. This observation
allows to recast the computation process in order to minimize storage requirements
and number of operations. Indeed, after introducing for shortness
(

1 zk,n tn α−β ′
−1 
e
zk,n zk,n k = 0
(β)
(β)
(β)
α
rk,n = 2zk,n tn α−β
,
E
=
ℑ
r
z
I
+
J
k,n
k,n k,n
′
zk,n zk,n
k 6= 0
e
we can rewrite (15) as



n−1
K
X (α+1)
X
δ
(1)
(α+1)
e
en =
E U
Ek,n−j ∇Fej  ,
Fe0 +
U
k,n 0 + Ek,n
π
j=1
k=0

thus allowing a fully parallel implementation with respect to index k. We just remark
that K is usually not very large (a value of K = 16 returns an approximation with an
accuracy close to the machine precision); moreover, for diagonalizable matrices, each
(β)
[K]
Ek,n can be stored as a vector and eα,β (tn ; J) is evaluated with a reduced effort.

5 Numerical experiments
In order to verify the potentials of EIs for solving TFPDEs we present in this section
some numerical experiments. All the simulations have been performed in Matlab,
version 7.9.0.529, on a computer equipped with the Intel Dual Core E5400 processor
running at 2.70 GHz.
For some selected test problems we have used the EI (12) and compared the results with those obtained by an implicit first order fractional Adams–Moulton (FAM)
method [11] which generalizes to fractional–order problems the classical Adams–
Moulton methods for ODEs. It is not advisable to use explicit methods because of
the numerical instability which would provide meaningless results.
In all the experiments a tolerance of τ = 10−12 has been used in the evaluation of
the ML function as described in Section 4; this is a sufficiently high level of accuracy
with respect to the convergence order of the method under investigation.

Time–fractional heat equation
As a first test problem we consider the two–dimensional time–fractional heat equation
 2

∂α
∂2
∂
u(t, x, y) = ν
u(t, x, y) + 2 u(t, x, y)
∂tα
∂x2
∂y
on the unit square domain Ω = [0, 1] × [0, 1] with initial function u(0, x, y) = x(1 −
x)y(1 − y) and compatible homogeneous boundary conditions on ∂Ω.
For such linear problems the advantages of EIs are expected to be better exploited;
indeed, the source term in the resulting semi–discrete system (3) is a constant function
F (U ) = V , being V a vector containing just discretized boundary conditions, and the
numerical solution can be evaluated directly in each grid–points tn by the EI (12)
without implementing a step–by–step procedure.
In our simulations we have considered α = 0.7, ν = 0.1 and a mesh grid of size
Nx = Ny = 40 on Ω. The left plot in Figure 1 shows the numerical solution at t = 1
obtained by means of the EI (12) with a step–size h = 2−4 . To verify the goodness of
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Fig. 1. Fractional heat equation. solution by the EI at t = 1 with Nx = Ny = 40 and
h = 2−4 (left) and difference between the solutions obtained by EI and FAM (right)
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Fig. 2. Fractional heat equation: comparison of execution times between EI (solid lines)
and FAM method (dashed lines).

this approximation we plot in the right part of Figure 1 the difference with respect
to the FAM method described in the introductory part of this section.
The outcome turns up to be very satisfactory, being the difference between the
two solutions under the expected error as stated in Theorem 1.
A more interesting comparison concerns with the execution time in dependence of
various step–sizes h used to perform the computation on the same time interval [0, 1].
As clearly shown in Figure 2, the exponential approach performs the computation
in a CPU time which is several orders of magnitude shorter with respect to the
classical FAM method. As the size of the problem becomes larger and larger, it is
noticeable that the FAM method involves a computational time that can turn out to
be impracticable for most applications.
Fractional advection–diffusion-reaction equation
For our second test we consider the fractional ADR equation (2) with constant
coefficients ε = −1, ν = 0.1, ρ = 1/2 and the nonlinear reaction term f (u) =
u(u − 1/2)(u − 1) (a similar test problem for an integer–order equation has been used
in [1]). In our experiment we consider the 1D domain [0, 1] and the value α = 0.7 for
the fractional order .
The results are presented in Figure 3 where, as for the previous experiment, we
show both the numerical solution obtained by the EI (12) and the difference with
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Fig. 4. Fractional ADR equation: comparison of execution times between EI (solid lines)
and FAM method (dashed lines).

respect to the classical FAM method; a spatial mesh–grid with Nx = 80 has been
used together with a step–size h = 2−6 for the time integration.
Also in this case the approximation provided by the EI is within the same accuracy
of the FAM method. Anyway, although in a not so striking way as for the previous
example, we appreciate from Figure 4 that the EI performs the computation, also for
this test problem presenting a more involved non–linearity (due to the presence of
the reaction term), in a faster way with respect to the classical FAM method.
This work is supported by the project “High-performance robust fractional controllers for
applications in industry and mechatronics”, which is part of the national project PRIN
2009F4NZJP “Non integer order systems in modeling and control”, funded by the Italian
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