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Abstract. Fractional integrals and derivatives based on the Prabhakar
function are useful to describe anomalous dielectric properties of materials whose behaviour obeys to the Havriliak-Negami model. In this
work some formulas for defining these operators are described and investigated. A numerical method of product-integration type for solving
differential equations with the Prabhakar derivative is derived and its
convergence properties are studied. Some numerical experiments are presented to validate the theoretical results.
Keywords: Havriliak-Negami model, fractional derivative, Prabhakar
function, numerical method, product integration
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Introduction

Complex systems in different areas, such as chemistry, electromagnetism, mechanics, optics and so on, are modelled by means of integral and differential operators of integer or fractional order. Since fractional derivatives and fractional
integrals allow to describe anomalous phenomena in a more accurate way, their
use for the description of real-life problems is gaining an increasing popularity.
In more recent years, an accurate analysis of experimental data has highlighted the existence of situations in which classical operators of integer or fractional order are no more sufficient to fit data in a satisfactory way and more
involved operators have been introduced.
This is the case of the dielectric properties of Havriliak-Negami type observed
in some polymers [10] whose mathematical description in the time-domain is
characterized in terms of the so-called Prabhakar integrals and derivatives [17, 6].
?
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This work reviews the available formulas for defining fractional operators of
Prabhakar type involved in the description of Havriliak-Negami models and proposes a numerical method, of product-integration type, for solving the resulting
fractional differential equations.
This paper is organized as follows: in Section 2 the Prabhakar function is
introduced and its main properties are illustrated. Section 3 discusses the applications of the Prabhakar function in modelling some anomalous dielectrics in
the Havriliak-Negami model and describes the operators involved in the timedomain representation. Section 4 introduces a product-integration formula for
the discretization of these operators and analyses its convergence properties. In
Section 5 we present some numerical experiments assessing the effectiveness of
the proposed approach and validating the theoretical results and we conclude
the paper with some concluding remarks in Section 6.
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The Prabhakar function

The Mittag-Leffler (ML) function is a special function playing a key role in
fractional calculus. After the introduction in 1902 of a one parameter version
[14], the generalization to two parameters
Eα,β (z) =

∞
X
k=0

zk
,
Γ (αk + β)

z∈C ,

(1)

was proposed few years later [20]. In 1971, the Indian mathematician Tialk Raj
Prabhakar introduced a three parameter generalization of the ML function [17]
∞

γ
Eα,β
(z) =

1 X Γ (γ + k)z k
,
Γ (γ)
k!Γ (αk + β)

z∈C ,

(2)

k=0

γ
and studied integral equations of convolution type with Eα,β
(z) in the kernel.
This function can be defined also for complex parameters α, β and γ under the
restriction <α > 0 and it is an entire function of order (<α)−1 . It is, moreover,
γ
1
a generalization of (1) since Eα,β
(z) = Eα,β (z). Nowadays, Eα,β
(z) is commonly
known as the three parameter ML function or Prabhakar function.
The Prabhakar function (2) provides an explicit formulation of the derivatives of the standard ML function (1) since for any k ∈ IN it is Dk Eα,β (z) =
k+1
k!Eα,αk+β
(z) (we refer to the monograph [9] for a comprehensive analysis of the
ML functions).
In applications it is usually used a further generalization of (2) given by
γ
eγα,β (t; λ) = tβ−1 Eα,β
(tα λ) ,

(3)

where λ ∈ C is a parameter and t > 0 the independent real variable. For the
practical computation of eγα,β (t; λ) formulas (2-3) can be used only for t very
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close to the origin. An asymptotic expansion holding for large values of t has
been derived in [13] for real and negative λ according to


∞ 
X

−γ
t−αk |λ|γ−k

β−αγ−1

if β 6= αγ
t


k Γ (β − αk − αγ)
k=0


eγα,β (t; λ) = X
∞

−γ t−αk−1 |λ|γ−k


if β 6= αγ .


k
Γ (−αk)
k=1

For values of t in a intermediate range both asymptotic expansions (for large
and small values) usually fail to provide acceptable results. For this reason a
method based on the numerical inversion of the Laplace transform (LT) has
been presented in [7]. This method, which allows to compute the Prabhakar
function in an accurate way, presents some advantages because the LT of (3)
is much more simple than the function itself. One can indeed verify that the
following LT pair holds [17, 9]
eγα,β (t; λ) ÷

sαγ−β
,
(sα − λ)γ

<(s) > 0,

|λs−α | < 1 .

By using the LT, it is also simple to verify that the integral of the Prabahakar
function is
Z
t

0

eγα,β (u; λ) du = eγα,β+1 (t; λ)

(4)

and a term by term derivation of the series in (2) allows to compute
d γ
e (t; λ) = eγα,β−1 (t; λ) .
dt α,β

3

(5)

Anomalous dielectrics and the Prabhakar derivative

In recent years, applications of the Prabhakar function have been recognized in
several fields, ranging from astronomy [1] to physics [18], quantum mechanics
[3] and so on. One of the most interesting applications is however related to the
description of the relaxation properties of anomalous dielectric materials.
In 1967 a new model of dielectric relaxation, known as Havriliak-Negami
(HN), was proposed [10] with the aim of describing in a more realistic way nontypical behaviours experimentally observed in certain classes of polymers. The
complex susceptibility of the HN model (formulated in the frequency domain) is
χ̂(ω) =

1
γ ,
1 + (iωτ )α

where τ is the relaxation time and α and γ two real parameters accounting
respectively for the asymmetry in the shape of the permittivity spectrum and
the broadness of the response. Usually it is assumed 0 < α, γ < 1, although in
[13, 11] the extension to 0 < α, αγ < 1 has been also considered.
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The HN model generalizes and extends the more familiar Debye and ColeCole models for which, however, it is also available a representation in the timedomain by means of differential operators of integer and fractional order. Finding
differential operators for the HN model is instead less immediate and the research
in this field is still at a very early stage.
From a formal point of view, the relationship in the frequency-domain
ŷ(ω) = χ̂(ω)fˆ(ω)
(in dielectric applications ŷ is the polarization and fˆ the electric field) is formulated in the time-domain as
γ

(0 Dtα + λ) y(t) =

1
f (t) ,
τ αγ

γ

where λ = τ −α and (0 Dtα + λ) is just a symbol to denote the fractional pseudoγ
differential operator resulting from the Fourier inversion of (iω)α + λ .
Over the years some attempts have been made to provide robust and practical
γ
characterizations of (0 Dtα + λ) . In [15] it was derived




tλ
tλ
γ
1−α
(0 Dtα + λ) = exp − 0 Dt1−α 0 Dtαγ exp
D
,
0 t
α
α
where the exponential of the Riemann-Liouville (RL) derivative 0 Dt1−α must be
intended in terms of a series representation; the expansion
α
0 Dt

+τ


−α γ

=

∞  
X
γ
k=0

k

α(γ−k)

λk 0 Dt

;

was instead considered in [16, 19] and successively used for numerical simulations
in [2]. In both approaches, however, the criteria for truncating the series in order
to achieve a given accuracy are not completely clear.
Recently, Garra et al. [6] worked on the integral representation obtained by
inversion of the Laplace transform and proposed the following characterization
Z
d t −γ
γ
α
(0 Dt + λ) y(t) =
e
(t − τ ; −λ)y(τ ) dτ ,
(6)
dt t0 α,1−αγ
where e−γ
α,1−αγ (t − τ ; −λ) is the Prabhakar function introduced in the previous
section. A regularization in the Caputo sense has also been introduced in [6]
according to
Z t
γ
C α
0
D
+
λ
y(t)
=
e−γ
(7)
0
t
α,1−αγ (t − τ ; −λ)y (τ ) dτ ,
0

and it has been shown that (7) is related to (6) by the relationship
γ
γ
C α
y(t) = (0 Dtα + λ) (y(t) − y(0)) .
0 Dt + λ

(8)
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The derivatives (6) and (7) are clearly generalizations of the classical fractional derivatives of RL and Caputo type. Indeed, since by the Euler’s reflection
1−α
formula 1/Γ (−1) = 0, it is immediate to verify that e−1
/Γ (1−α)
α,1−α (t; 0) = t
and hence when γ = 1 and λ = 0 the derivative (6) coincides with the RL derivative and (7) with the fractional Caputo derivative.
γ
An integral operator (0 Jtα + λ) inverting the derivative (6) has been also
considered in [6] as
(0 Jtα

Z

γ

+ λ) f (t) =

t

eγα,αγ (t − u; −λ)f (u) du ,

(9)

0

thus generalizing the classical RL integral of order α when γ = 1 and λ = 0.
γ
More recently, a furhter formulation of (0 Dtα + λ) has been proposed in
terms of fractional differences of Grünwald-Letnikov type [8]
∞
(1 + hα λ)γ X (α,γ)
Ωk
y(t − kh) ,
h→0
hαγ

γ

(0 Dtα + λ) y(t) = lim

(10)

k=0

where
(α,γ)

Ω0

4

= 1,

(α,γ)

Ωk

=

 

k
X
(1 + γ)j
1
(α,γ)
j α
(−1)
−
1
Ωk−j .
1 + hα λ j=1
j
k

A product integration rule

Let us consider the initial value problem for the pseudo fractional differential
equation of Havriliak-Negami type
 C α
γ
y(t) = f (t, y(t))
0 Dt + λ
,
(11)
y(0) = y0
where f (t, y) is assumed Lipschitz continuous with respect to the second argument. The non-linearity in (11) is motivated by the fact that, in the dielectric
applications the right side f is the electric field which, by the Maxwell equations, itself depends on the polarization y. Thanks to (9), the above fractional
pseudo-differential equation can be reformulated in the integral form
γ

y(t) = y0 + (0 Jtα + λ) f (t, y(t)) .
In order to numerically approximate the solution of (11) we consider a gridmesh tj = jh, with a constant step-size h > 0. After rewriting, at t = tn , the
above integral equation in the piece-wise form
yn = y0 +

n Z
X
j=1

tj

tj−1

eγα,αγ (tn − u; −λ)f (u, y(u)) du ,

6
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the vector field f (u, y(u)) is approximate, on each interval [tj−1 , tj ], by interpolating polynomials and the resulting integrals are evaluated in an exact way.
This technique, which is named as product-integration, has been firstly proposed
in [21] for the numerical solution of weakly singular Volterra integral equations
and hence successfully applied to fractional differential equations [4].
The simplest method of this type is obtained by considering the constant
approximation f (u, y(u)) ≡ f (tj , yj ) on each interval [tj−1 , tj ]. Since it is
Z tj
Z tn
Z tn
γ
γ
eα,αγ (tn −u; −λ) du =
eα,αγ (tn −u; −λ) du−
eγα,αγ (tn −u; −λ) du ,
tj−1

tj−1

tj

by applying (4) we obtain
Z tj
eγα,αγ (tn − u; −λ) du = eγα,αγ+1 (tn − tj−1 ; −λ) − eγα,αγ+1 (tn − tj ; −λ)
tj−1

and, since eγα,αγ+1 (tn − tj ; −λ) = hαγ eγα,αγ+1 (n − j; −hα λ), the corresponding
numerical scheme, which can be considered as a generalization of the implicit
Euler method, reads as
yn = y0 + hαγ

n
X

α,γ
wn−j
f (tj , yj ) ,

(12)

j=1

where
wnα,γ = eγα,αγ+1 (n + 1; −hα λ) − eγα,αγ+1 (n; −hα λ) .

(13)

In the following we will asume that the exact solution of (11) admits an
asymptotic expansion in mixed powers of integer order and fractional order, i.e.
y(t) = y0 +

∞
X
j=1

cj tj +

∞
X

dj tαγj

(14)

j=1

for some sequences of real coefficients cj and dj . To the best of authors’ knowledge, there exist no theoretical results on this subject; anyway, the assumption
(14) appears reasonable and by no means restrictive since it is congruent with
the asymptotic expansion of the solution of simpler weakly singular convolution
integral equations (e.g., see [12]).
Theorem 1. Let 0 < α, αγ < 1, λ > 0 and assume that the solution y(t) of
(11) admits the expansion (14). For any h > 0 there exist two positive constants
C1 and C2 (which do not depend on h) such that
|y(tn ) − yn | ≤ C1 h + C2 tαγ−1
h1+αγ .
n
Proof. The proof will follow very closely the proof of Theorem 2.1 in [5]. After
writing, at t = tn , the exact solution of (11) as
y(tn ) = y0 + hαγ

n
X
j=1

α,γ
wn−j
f (tj , y(tj )) + Rn ,

(15)
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where Rn is the quadrature error
n Z tj
X

Rn =
eγα,αγ (tn − u; −λ) f (u, y(u)) − f (tj , y(tj )) du ,
j=1

tj−1

we subtract (12) from (15) and, thanks to the Lipschitzianity of f , for a constant
L > 0 it is
n
X
α,γ
|y(tn ) − yn | < |Rn | + L
|wn−j
| · |y(tj ) − yj | .
j=1
α

We put M1 = sup0<t<T Eα,αγ (−t λ) (the Prabhakar function is indeed
bounded [17]) and by using again the Lipschitzianity of f we obtain
n Z tj
X
αγ−1
y(u) − y(tj ) du ,
|Rn | ≤ M1 L
tn − u
j=1

tj−1

γ
Note now that w1α,γ = Eα,αγ
(−λ) while for n > 1 the Taylor expansion,
together with (5), immediately leads to

wnα,γ = eα,αγ (n + 1 − v; −hα λ),
and hence
wnα,γ ≤ M1

v ∈ [0, 1]

nαγ−1
(n + 1 − v)αγ−1
< M1
Γ (αγ)
Γ (αγ)

from which we infer
|y(tn ) − yn | < |Rn | + M1 L

n
X
(n − j)αγ |y(tj ) − yj | .
j=1

Since αγ < 1 and the expansion (14), close to the origin it is |y(u) − y(tj )| ≤
M2 hαγ ; away from the origin y(u) is instead smooth and, by the remainder of
the polynomial interpolation, it is |y(u) − y(tj )| ≤ M3 h. Therefore, given r ∈ IN
such that y(u) can be assumed non smooth for u ≤ tr and smooth elsewhere, we
have
r−1 Z tj
n Z tj

X
X
αγ−1
αγ−1 
|Rn | ≤ M1 L M2 hαγ
tn − u
du + M3 h
tn − u
du
j=1

tj−1

j=r

tj−1

≤ M4 h1+αγ tαγ−1
+ M5 h ,
n
and the proof follows in the same way as the proof of Theorem 2.1 in [5].

t
u

An explicit counterpart of the method (12) can be devised by using in each
interval [tj−1 , tj ] the approximation f (u, y(u)) ≡ f (tj−1 , yj−1 ). The resulting
method is
n−1
X α,γ
yn = y0 + hαγ
wn−j−1 f (tj , yj )
(16)
j=0

and convergence properties can be proved in a similar way as in Theorem 1.
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Numerical experiments

To numerically test the product integration method devised in Section 4, we first
consider the linear test equation
C α
0 Dt

+λ

γ

y(t) = −2y(t) + cos(2πt),

y(0) = 1 .

(17)

Since the exact solution is not known in an analytical form, for reference
we will use the solution obtained by truncating the Grünwald-Letnikov formula
(10) with a smaller step-size h. Thanks to the first order convergence of this
method [8], it can be considered accurate enough to be used for reference. For
some parameters α, γ and λ the solution of this problem is presented in Figure 1
(all the experiments are made by using Matlab and the Prabhakar function for
the weights of the rule is evaluated by means of the ml.m code devised in [7]).

1

0.8

0.6
α=0.9 γ=0.8 λ=4.0
α=0.8 γ=0.9 λ=2.0
α=0.8 γ=0.8 λ=1.0
0.4
0

1

2

3

4

Fig. 1. Solution of the problem (17) for some values of α, γ and λ.

In Table 1 we report the error Eh = |y(tn ) − yn | and the estimated order of
convergence (EOC) evaluated as log2 (Eh /Eh/2 ) resulting from the application
of the product-integration method described in Section 4. As we can readily
observe, convergence of the first order is clearly achieved, thus confirming the
theoretical findings of Theorem 1.
For a second test problem we consider the nonlinear equation
C α
0 Dt

+λ

γ

2
y(t) = t2 − y(t) ,

y(0) = 1 ,

(18)

whose solutions are shown in Figure 2.
Also in this case the theoretical results on the first order convergence are
confirmed by the numerical experiments as reported in Table 2, thus validating
the effectiveness of the approach proposed in this work.
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α = 0.9 γ = 0.8
λ = 4.0
h
Error
EOC
2−5 4.01 × 10−3
2−6 2.02 × 10−3 0.987
2−7 1.01 × 10−3 1.000
2−8 5.04 × 10−4 1.004
2−9 2.51 × 10−4 1.005
2−10 1.25 × 10−4 1.004

α = 0.8 γ = 0.9
λ = 2.0
Error
EOC
4.08 × 10−3
2.04 × 10−3 0.999
1.01 × 10−3 1.008
5.04 × 10−4 1.009
2.51 × 10−4 1.008
1.25 × 10−4 1.006

9

α = 0.8 γ = 0.8
λ = 1.0
Error
EOC
3.57 × 10−3
1.73 × 10−3 1.049
8.35 × 10−4 1.047
4.06 × 10−4 1.039
1.99 × 10−4 1.030
9.80 × 10−5 1.022

Table 1. Errors and EOC for problem (17) at t = 4.0.

2
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1
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Fig. 2. Solution of the problem (18) for some values of α, γ and λ.
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Concluding remarks

In this paper we have discussed the problem of numerically solving differential
equations with Prabhakar derivatives; problems of this kind arise in the simulation of anomalous relaxation properties in Havriliak-Negami models.
We have devised a product-integration rule with weights expressed in terms
of the Prabhakar function and studied the convergence properties. By means of
some numerical experiments the effectiveness of the proposed approach has been
illustrated. As far as we know, this is one of the very few methods available for
solving problems of this kind.
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